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Random binary search trees are obtained by recursively inserting the
elements o(1),0(2),...,0(n) of a uniformly random permutation o of
[n] ={1,...,n} into a binary search tree data structure. Devroye (J. Assoc.
Comput. Mach. 33 (1986) 489-498) proved that the height of such trees is
asymptotically of order c*logn, where ¢* =4.311... is the unique solution
of clog((2e)/c) = 1 with ¢ > 2. In this paper, we study the structure of bi-
nary search trees 7,4 built from Mallows permutations. A Mallows(g) per-
mutation is a random permutation of [n] = {1, ..., n} whose probability is
proportional to ¢™() | where Inv(c) = |{i < j : 6(i) > o(j)}|. This model
generalizes random binary search trees, since Mallows(g) permutations with
g =1 are uniformly distributed. The laws of Ty, 4 and T, 1 are related by
a simple symmetry (switching the roles of the left and right children), so it
suffices to restrict our attention to ¢ < 1.

We show that, for g € [0, 1], the height of T} 4 is asymptotically (1 +
o(1))(c*logn + n(1 — g)) in probability. This yields three regimes of be-
haviour for the height of T, 4, depending on whether n(1 — ¢)/logn tends
to zero, tends to infinity or remains bounded away from zero and infinity. In
particular, when n(1 — ¢)/logn tends to zero, the height of T}, 4 is asymp-
totically of order c¢*logn, like it is for random binary search trees. Finally,
when n(1 — ¢)/logn tends to infinity, we prove stronger tail bounds and dis-
tributional limit theorems for the height of T 4.
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1. Introduction. Let T, = {2} U Ukzo{ﬁ’ 1}¥ be the complete infinite rooted binary

tree, with nodes at depth n > 1 indexed by strings u = uy, ..., ux € {0, 1}¥, so u has parent
ui,...,ur—1 and children 0 and ul. For a set V C T, and node u € T, we write uV =
{uv,ve V}.

For u € {0, 1}¥, we write |u| = k and say that u has depth k. A subtree of T, (or just “a
tree”, for short) is a set T C T, which is connected when viewed as a subgraph of T,. For
any subtree T of T, the root of T is defined to be the unique element of 7" of minimum
depth. For a tree T and a node u € T, we write T (u) = (uTs,) N T for the subtree of T
rooted at u; when @ € T, then T (1) = @ if and only if u ¢ T. Finally, for T C T, we write
h(T)=sup(Ju|,u € T) —inf(|u|,u € T); if T is a tree then h(T) is the greatest distance of
any node of 7 from the root of 7.

For n > 1, we write [n] = {1,2,...,n}. Given an injective function f : [n] —> Z; =
{1,2,...}, the binary search tree T{f) is the subtree of T, defined inductively as follows
(see Figure 1 for an example). If n =0, then T (f) := O is the empty tree. Otherwise, view f
as a sequence of distinct integers f = (f(1), f(2),..., f(n)), and write f~ (resp., f) for
the subsequence of f consisting of terms f(i) such that f(i) < f(1) (resp., f(@) > f(1)),
listed in the same order as in f. Then set T (f) :={@}U OT(f~ ) UAT(fT)).

FIG. 1. The labelled tree (T(f),t(f)) for f = (4,1,9,7,2,6,12,8). The sequences f~ and fT are
(9,7,6,12,8), respectively. The subtree in blue corresponds to T{(f~) and the one in red cmﬁsponds to
T{(fT). The corresponding labels given by T{f) are written on the nodes; so, for example, T{f)(01) =2 and
(A1 =12.
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We label the nodes of T(f) by the elements of {f (1), f(2),..., f(n)} as follows. Set
T{f)(©D) = f(1); then, inductively, for nodes u € T (f) with |u| > 1, set

t(f 7)) ifu=0v,

) = t(fH)w) ifu=Tv.

The definitions of T'(f) and 7(f) easily extend to injective functions f : Z* > Z*, by
considering the sequence (f(i),i > 1).

In this article, we study the heights of binary search trees built from random, Mallows-
distributed permutations. For n > 0 and ¢ € [0, 00), the Mallows distribution with parameters
n and g (introduced in [23]) is the probability measure 7, , on the symmetric group S, given
by

Tnq(©) = Zyg - g™,
Here, Inv(o) :=|{l <i < j <n:o0(i) > o(j)}| is the number of inversions of o and Z, , :=
> ses, g™ (@) is a normalizing constant.

For a permutation o = (o(1),...,0(n)), the reversed permutation ¢’ = (n + 1 —
o(l),...,n +1—0(n)) has Inv(c') = (3) — Inv(0). This implies that, if ¢ is a m, 4-
distributed random permutation, then its reversal is T, 1 -distributed. The effect of this re-

q
versal on the associated binary search trees is also easy to understand: T, is obtained from
1

T, by swapping all left and right subtrees. Since the map g — 7 bijectively sends (1, c0)
to (0, 1), it follows from these observations that we may as well restrict our attention to
q € [0, 1]. Note that when g =0, 7, , assigns weight 1 to the identity permutation and when
q =1, my 4 is the uniform distribution on S,.

We prove the following results. In what follows, we write 7, , for a random tree with the
distribution of T' (o) for o a m, 4-distributed random permutation, and we write MT(n, g) for
the law of such a tree; we call T,, ; a Mallows tree (with parameters n and q). Also, we let

c¢*=4.311... be the unique solution of clog(zc—e) =1 with ¢ > 2.

THEOREM 1.1. For any [0, 1]-valued sequence (qn)n>0,

h(Th,q,)
n(l —gqpn) +c*logn

in probability and in L, for any p > 0.

When g, = 1 for all n, the trees T, 4, are random binary search trees—the binary search
trees corresponding to uniformly random permutations. This case of Theorem 1.1 implies

that ffi’)’g'; — 1 in probability, which is a well-known result of Devroye [11].

On the other hand, when g, = ¢ € [0, 1) for all n, Theorem 1.1 implies that i (7, 4,) =
(I —g +op(1))n. In this case, T, 4, consists of a “rightward” path of length (1 — g +op(1))n,
with left subtrees of height Op(log ﬁ) hanging from each of its nodes. (The notation Op
and op is defined in Section 1.2, below.)

When (g,),>0 is small enough that the first term in the denominator overwhelms the sec-
ond, we are able to strengthen the above result, obtaining strong bounds on the rate of con-
vergence.

THEOREM 1.2.  Fix any [0, 1]-valued sequence (q,)n>0 such that n(1 —q,)/logn — oo.

Then for any ¢ > 0 and ) > 0,
h(T,
M_l‘ >8)=0(i>.
n(l—qn) n*

i
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When the first term in the denominator is dominant and also ng,, — 0o, we prove a central
limit theorem for the height.

THEOREM 1.3.  Fix any [0, 1]-valued sequence (qn)n>0 such that n(1 —q,)/logn — oo
and ng, — 0o. Then
h(Thy,) —n(l —qy) — c*log((1 —g,) !
( n,q,,) n( qn) — c*log(( qn)” ) _d) NORMAL(O, 1).
n(l —qn)gn

Finally, when ng, = O(1), we prove a Poisson limit theorem for the height (after re-
centering but without re-scaling).

THEOREM 1.4. Let (g4)n>0 be any [0, 1]-valued sequence such that nq, — A € [0, 00).
Then

n—1—h(T,,,) 2 POISSON(L).

The next subsection briefly discusses related literature on random trees and Mallows per-
mutations. Section 1.2 then introduces some notation we need. The remainder of Section 1
describes some of the key tools used in proving Theorem 1.1-1.4, and while doing so, pro-
vides an overview of our approach to their proofs. Theorem 1.1 is proved in three parts,
depending on whether n(1 — g,) is much smaller than, much larger than, or of the same or-
der as logn. The arguments for these cases are sketched in Sections 1.3—1.5, respectively.
Since the proof of Theorem 1.2 essentially consists in extracting quantitative estimates from
the proof of Theorem 1.1, we do not spend much space on it in the Introduction. Finally,
Section 1.6 describes our arguments for our distributional limit results, Theorem 1.3 and 1.4.

1.1. Related work. The Mallows permutation model was first introduced by C.L. Mal-
lows [23] in the context of ranking theory. The study of its probabilistic properties has taken
off in the past decade; previously studied properties of Mallows permutations include the
length of the longest increasing subsequence [4, 6, 25], the cycle structure and pattern occur-
rence [10, 17, 21, 26, 27], relations to exchangeability [18, 19] and to random matchings [3],
random dynamics with Mallows permutations as stationary distribution [5, 12] and thermo-
dynamic properties of Mallows measures [33, 34].

Since our work is focused on random trees built from Mallows permutations, it is also
natural to situate it in the context of the literature on random trees. This is a vast literature and
we only discuss a smattering of it. As mentioned above, Devroye [11] proved that the height
h,, of a random binary search tree of size n is asymptotically (c* 4 op(1)) logn; this built on
previous work of Pittel [29], who proved that %, /logn — « € (0, co) almost surely, but did
not identify the constant . Random binary search trees lie within the more general increasing
tree model, for which the first-order behaviour of the height has been well characterized
[8, 14]. Building on Devroye’s results, Reed [30] and Drmota [13] found two conceptually
different proofs that the variance of 4, is bounded in 7.

The study of random binary trees, random increasing trees and their ilk, is intimately con-
nected to the properties of branching random walk; results on the height of random trees are
often extracted (at varying levels of difficulty) from results on the maximal displacement of
a corresponding branching random walk. For example, the results of [8, 9, 11] rely on the
Hammersley—Kingman—Biggins theorem [7, 20, 22], which provides a law of large numbers
for the maximum of branching random walks; and the arguments of Reed [30] proceeds by
relating the height of binary search trees to the minimal position in a binary branching ran-
dom walk with exponential step distribution. Further related results on minima in branching



2224 L. ADDARIO-BERRY AND B. CORSINI

random walks can be found in [1, 2]. The lecture notes [31] provide an excellent introduction
to the theory of branching random walks.

Finally, Mallows trees were introduced by S. N. Evans, R. Griibel and A. Wakolbinger
[16], who studied properties of the tree and generating processes. They showed, among other
results, that Mallows trees are a specific case of trickle down process; that is to say, they can
be generated in a sequential manner, by adding one leaf at a time.

1.2. Notation. For functions f:R— R, g:R— Ror f :N— R, g:N— R, we write
f =0(g) tomean f(n) = 0(g(n)) as n — oo unless a different limit is specified. If f =
O(g), then we also write g = Q2(f). We also use the notation f = o(g) and its synonym
g=w(f). If f =o0(g), then we will also write f < g and g > f. We write f ~ g to mean
that f(n) = (1 4+ o0(1))g(n) as n — oo.

For sequences of random variables (X,,),>0 and (¥,,),>0, we write X, = Op(Y,,) if, for all
& > 0, there exists K > 0 such that

limsupP(|X,| > KY,) <e.

n>0

We write X,, = op(Y,) if, for all £ > 0,
lim P(|X,|>¢Y,)=0.
n—o0

For random variables X and Y, we write X 4 Y if X and Y have the same distribution. We
write X <Y, or equivalently Y > X, if for all x € R, we have

P(X = x) <P(Y =z x);

in this case we say X is stochastically smaller than Y.

1.3. Mallows trees and random binary search trees. Many properties of random binary
search trees can be extended to Mallows trees. Perhaps the most fundamental of these are the
branching property, which means that disjoint subtrees of a Mallows tree are conditionally
independent given their sizes, and the projective consistency, which is the fact that subtrees
of Mallows trees are again Mallows trees. The following proposition, due to Evans, Grii-
bel and Wakolbinger, [16], formalizes these properties, and additionally describes the joint
distribution of the sizes of the left and right subtrees of the root in a Mallows tree.

PROPOSITION 1.5 ([16], Section 7). Forallg € [0,1]andn > 1, forany0 <k <n —1,
we have

(1 -aq"
P(|Tq O] =k) =P(|Tug(D|=n—1-k) = II—W

- ifqg=1
n

ifq €0, 1),

Moreover, T, 4 (0) and Ty g (1) are conditionally independent Mallows trees given their sizes.
That is, for every 0 < k <n — 1, for any trees ty and t| rooted at &, of respective sizes k and
n—1—k,we have

]P)(Tn,q (6) = 61‘0, Tn,q(T) = Tl‘l | |Tn,q (6)| = k) = IP)(Tk,q = tO)]P(Tn—l—k,q = tl)-

Conversely, these properties characterize Mallows trees.

From this proposition, one can see that the split between left and right subtree is not sym-
metric; the right subtree at any node is stochastically larger than its left subtree. This obser-
vation straightforwardly leads to the following proposition, stating that the rightmost path in
T, .4 is the stochastically longest path.
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PROPOSITION 1.6. Forallgq €[0,1] andn > 1, forall v € T,

PweT,,) <P0"eT,,)

We prove Proposition 1.6 in Section 2.2. With the result of this last proposition, we can
bound the height of 7}, 4, from above by using a union bound over all nodes at a given depth,
as

P(h(Thg)=h)< Y. PeT,,)

veTx:|v|=h

<2P(1" € Tpy,).
When n(1 — g,)/logn — 0, this bound is tight enough to prove the upper bound of Theo-

rem 1.1. It will also be useful in proving that ((M—ﬂfw)p )n>1 is uniformly integrable
for any sequence (g,)n>0, thereby extending the convergence in probability to the L, con-
vergence.

For (gn)n>0 such that n(1 — g,)/logn — 0, we also use a comparison argument, albeit
a slightly more complicated one, to prove the lower bound. At the heart of the argument is
the following computation. Let U be UNIFORM([O, 1]). Then, for any ¢ € [0, 1), n > 1 and

0<k<n-—1,

quyl_U“_q”w:w)zp@shgﬂ_U“‘”“)<k+Q

logg logg
1 — k 1— k+1
=]P’< 1 §U<L)
1—g" 1—g"
(1 —gq)¢"
1 —q" ’

This identity and Proposition 1.5 together imply that we can generate a MT(n, g)-distributed
tree as follows. Let (Uy)yeT,, be independent UNIFORM([0, 1]) random variables indexed by
the nodes of Two. Set S, 4 (D) = n. Then, for v € Two, inductively define

log(1 — Uy (1 — g5na®
{ og( 1;( q ))J itg e 1),
o ogq
Sna@O =115 v, ifg=1,
0 ifg=0

and
Sn.gW1) = Sy q(v) — 1 — Sy 4 (0).

Then the tree T, g = {v € To : Sy q(v) > 1} is MT(n, g)-distributed, and S, ;, corresponds to
the size of the subtree at any given node: S, (1) = |T), 4 ()]

This construction couples the trees (7},,4) as both ¢ and n vary. Using this coupling, we
will be able to prove the following proposition.

PROPOSITION 1.7. Forall g €[0,1) andn > 1, forany 0 <€ <n, withm = Lllﬁﬁz ,
then

]P)(h(Tn,q) =< E) =< IED(h(Tm,l) =< E)-
The proof of Proposition 1.7 can be found in Section 2.3. When (g,),>0 is such that

n(l —gq,)/logn — 0, this stochastic bound combined with results of Devroye [11] will yield
the desired lower bound.
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bijj| 12 3 4 5 6 7 8 9 10 11 12 13 --
10 0 01,1 00 1 1 0 1 0 0
2 [1J,o 100 1 1.0 0 1 0 0 1
3,0 0 0 1 0 0 0 0 [1] 1 1 0 0
4,0 0 0 0 0 0 f[1.0 1 0 0 1 1
500 [1,1 0 1 01 1.0 0 0 0 1
6/ 1 1 0 0 0[]0 o0 1 0 0 1 0
7.0 0 0 1 0 1 1 0 0 0 0 [1],0
s/ 10 0 1 0 0 1 [1J,o 1 0 0 0

FIG. 2. An example of the top-left corner of an infinite {0, 1}-valued matrix b = (b; j); j>1. The boxed 1’s are in

position (i, f b(i)) and their column numbers are indicated as blue subscripts. For a given column i, the numbers
in red correspond to positions (i, j) where j € Fl-bi1 and can be found below the boxed 1’s; the boxed 1 in row i
is always the first nonred 1 in row i.

1.4. Right depth and height of Mallows trees. 'The results of the previous section, relating
Mallows trees to random binary search trees, give tight bounds on the height only when n (1 —
qn)/logn — 0;in this case the two tree models show strong resemblance. When (g, ), >0 does
not satisfy this condition, the rightmost path of a Mallows tree is playing a more important
role in its height. We now study the properties of this path and its connection to the rest of
the tree.

Note that if f : [n] — Z4 is an injective function and f' = f|j,—1}, then T(f’) is the
subtree of T(f) consisting of the nodes with labels f(1),..., f(n — 1). More precisely,
T(fY={veTr:t(f)(v)# f(n)}, and t(f’) is the restriction of 7 (f) to T (f”). For exam-
ple, in Figure 1, with ' = (f(1),..., f(7)) =(4,1,9,7,2,6, 12), the tree T (f’) is obtained
from the depicted tree T(f) by removing the node with label 8. We next use this fact to
describe an explicit construction of a nested sequence of Mallows trees, which will be useful
for our analysis.

Given an infinite {0, 1}-valued matrix b = (b; ;); j>1 with infinitely many ones in every
row, define an injective function fb = (fb(i),i > 1) as follows. Let fb(l) =inf{j e N:
b1, = 1}. Having defined (f?(k), 1 <k <i),let F? | ={fP(k),1 <k <i} and set f2(i) =
inf{j € N\l”ib_1 :bi j = 1}. We write Tnb as shorthand for T(frf’), where f,{’ =(fb(),1<i<
n). An example is shown in Figure 2. For the matrix b shown in that figure, we obtain fgb =
4,1,9,7,2,6, 12, 8), so the tree Tgb is precisely the binary search tree shown in Figure 1.

The infinite b-model for trees is the sequence of (labelled) trees (Tnb)nzo, which by con-
struction is increasing, in that Tnb is a subtree of Tnb ', for all n > 0. The corresponding se-
quence of labelling functions is defined by (t,’l’ In>0 = (¢ f”b Nn>0. We sometimes omit the
matrix b when it is clear from context. The utility of this construction is explained by the
following proposition.

PROPOSITION 1.8 ([4], Lemma 2.1). Fix g €[0,1) and let B = (B, ;)i j>1 have inde-
pendent BERNOULLI(1 — q) entries, and for n > 1, let af € S, be the permutation of [n]
defined by 0.8 (i) = rank{ £,B (i), FB}. Then 0P is 7, ,-distributed for all n > 0.

It follows that for B as in the proposition, TnB is MT(n, g)-distributed for all n. The random
trees in the sequence (TnB)nZO may be viewed as the successive states of a transient Markov
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chain taking values in the set of finite subtrees of T,. This chain was already defined in
[16], where aspects of its asymptotic behaviour were studied; however, the observation that
its one-dimensional marginals are all Mallows-distributed appears to be new.

The next corollary is a direct consequence of Proposition 1.8 and the fact that (Tnb Jn>0 1S
increasing for all b; its proof is omitted.

COROLLARY 1.9. Letn > 0and q € [0, 1]. Then, for all u € Ty,
P(u e Tn,q) <P(ue Tn—i—l,q)-

We write T8 = Unso T.B for the infinite tree which is the increasing limit of the sequence
(TnB) >0, and 8 for the corresponding labelling. It is immediate from the construction that
T8 =T(f5).

For B as in the proposition, the random function % :Z, — Z, defined previously is
a.s. a bijection, and its law is the so-called MALLOWS(g) distribution on Soo = {0 : Z4 —
Z : o apermutation}, introduced in [18]; the fact that f B is MALLOWS(q)-distributed was
proved in [17].

Let M¥ =0 and for n > 1, let MP = max(fB(1),..., fB(n)). Then set R® =0 and
for n > 1, let Rf =|{i € [n]: MiB > MiB_ 1} be the number of records in the sequence
(fB(D),..., fB(n)). Note that Rf is precisely the right depth of T,ZB, that is, Rf = max{d :
1 ¢ T.B}. Also, forall k > 1,if R® | =k — 1 and R =k then BT = ME.

For any k > 0 and any node u € 78 (1°0), we have 81" ") < tB(u) < tB(T"); here,
we write 1. = & and for k = 0, set T8 (Tk_l) = 0. Since f? is a bijection, it follows that
the subtree T8 (Tkﬁ) contains exactly 75 (Tk) — B (Tk_l) — 1 nodes, and the labels assigned

. —k—1 —k
to these nodes by 78 are precisely the elements of the set (BA" ) +1,..., B0 -1}
Moreover, since any infinite sequence of positive integers contains infinitely many records,

necessarily 78 contains the infinite rightward path Pg := {Tk, k > 0}, and the left subtrees
(TB(TkG), k > 0) hanging from Pg have respective sizes (tB(Tk) — rB(Tk_l) —1,k>1).
Much of our analysis will be based on the decompositions of 7% and TnB as

T8 = ppu | T8(1°0),
k>0
rB={T"0<k<rRPjU |J T2(1).
0<k<RB
From the second decomposition, it is immediate that
(A1) (T Lh(TP) = max {h(TET0) +k+1} < max {n(TBT0))+k+1}.
0<k<Rp 0<k<RB

In order to use (1.1) to get useful information about the height, we need to understand

the distributions of R,f and of the subtrees TnB (Tkﬁ) and T8 (T"G). The last of these is the
easiest to describe. We say a random variable G is GEOMETRIC(c)-distributed if P(G =
k)y=(—c)cforkeN={0,1,2,...}.

LEMMA 1.10. Fixq €[0, 1) and let B = (B, j);, j>1 have independent BERNOULLI(1 —
q) entries. Then the random trees (TB (Tkﬁ))kzo are independent and identically distributed
with

k= d k=
TH(1°0) = 107G q).q
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where G(q) is GEOMETRIC(1 — q)-distributed and is independent of the trees (T; 4)n>0. In
other words, for all k,n > 0 and any tree t C T, with |t| = n, we have

P(T8([10) =T0r) =¢"(1 — q) - P(T, =1).
PROOF. As explained above, for all £ > 0,
T8 (1) =BT - BT ) — 1.

Moreover, by construction the random variables (t B (Tk) —8B (Tk_l) — 1)k>0 are independent
and GEOMETRIC(1 — g)-distributed. Finally, by Proposition 1.5, conditionally on having a

given size n, T8 (Tkﬁ) is MT(n, ¢)-distributed, from which the result follows. [J

Combined with (1.1), this lemma yields a key distributional upper bound on A(T, ). We
now have

d Bk~ Bk~
h(T,,)= max {A(T, (1 0)+k+1}< max {A(T°(10))+k+1
(2 max ((TFT0) 4kt 1) = max (1 (110) +441)

B
—RB+1 n(TB (1% 7%0)) — k
w T +0§g>§5{( ( ) — k}
d

RE 41 h(TB(10)) — k
w T +o§?§’§,§{( (1°0)) — k}

< RE + 1+ sup{h(T3(1°0)) — k).
k=0
Considering that RZ corresponds to the depth of the rightmost path in 7.2, we also have
RB <m(TPB) 4 h(T,4)- In combination with (1.1), this yields that

(1.2) RE < h(Ty.) < RE + 1+ sup{h(T3(T°0)) — k},
k>0

where we recall that < denotes stochastic inequality. Lemma 1.10 tells us the trees whose
heights appear in the final supremum are independent and 7y, 4-distributed. Combining
this inequality with a union-bound and Proposition 1.6, we now have

P(h(Ty.q) > h) < P(RE + 1+ sup{a(T#(1°0)) — k} = 1)
k>0

. B _ Bk
< inf, P(R, +1>h e)+kZ>(:)P(h(T (1 0))2€+k)}

= inf {P(RY +1>h-— P(h(T,
020<h (Ry +1= €)+1§) ((G(q),q)26+k)}

. B N k+¢ B

where in the final line G (g) should be understood to be independent of the random variables
in B. The preceding argument gives us a way to derive upper tail bounds on (h(7, 4)) exclu-
sively by controlling the upper tails of the random variables (Rf ,n > 1). The next proposition
is our key tool for doing so.
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PROPOSITION 1.11. Fix q € [0, 1) and let B = (B; ;)i j>1 be an array of independent
BERNOULLI(1 — q) random variables. Then the sequence (R,f, Mf)nzo is a Markov chain
with transition probabilities given by

qm—l—ﬁ—n—l(l . q) l‘fk — 1’ Y > 1’
P(RE  =r+k, M =m+C|RE=r,ME=m)=31—¢g"" ifk=0,£=0,

0 otherwise.
Moreover, for x,y € C such that q|y| < 1, we have

k
E[XR,?H MB = I] 6]+(1—612x—61
1<k<n 1—q"y

We prove Proposition 1.11 in Section 3.1. We do not in fact make use of the bivariate mo-
ment generating function (MGF) of RZ and M2, but only the MGFs of RE and M2, which
can of course be easily recovered from the bivariate MGF. However, it seems interesting to
record the explicit form of the bivariate MGF. Moreover, although the MGF of R? has al-
ready been computed [32], (1.135), we did not find a reference for the MGF of M,f , and we
also did not see a derivation of the MGF of M which is substantially shorter than that of the
bivariate MGF.

Using the moment generating function to control the behaviour of Rf — E[R,f ] yields
Chernoff-type bounds for both the upper and lower tail. The bounds are strong enough that
they allow us to prove both the upper and lower bounds of Theorem 1.2, implying the bounds
of Theorem 1.1 when (g,),>0 is such that n(1 — g,)/logn — oc. For the upper bound, the
key consequence of Proposition 1.11 is the following proposition, which allows us to control
the right-hand side of (1.2). It will also be used in the analysis for other ranges of (g,),>0.

PROPOSITION 1.12. There exist universal constants M, C and A such that, for all q €
[0,1) and & € R, we have

P(Is{:%{h(TB(TkG)) —k}>c* log(1 iq) +M /10g(1 1 ) +€> <Ce™.

As above, c¢* is the unique solution of clog(%e) =1 with ¢ > 2. The proof of this proposi-
tion can be found in Section 3.2.

1.5. Intermediate values. 'The most technical part of the proof of Theorem 1.1 appears
when n(1 — g,)/logn = ©(1). In this situation, the proof uses a combination of the tech-
niques from the two previous cases, when n(1 —¢g,)/logn — 0 and when n(1 —g,)/logn —
00.

In order to obtain the identities and bounds in (1.2), we decomposed T2 into its rightmost
path (Tk 0<k< Rf ), together with the left subtrees hanging from each of its nodes. Because

—RB41 . . .
(1 nt ) = &, this decomposition can be rewritten as

7B ={T".0<k <RE+1}U < U T,F(T"G)) uTBIR Y,
0<k<RB+1

Forany 0 <d < Rf + 1, we may similarly decompose TnB along the initial segment (Tk, 0<
k < d) of the rightmost path to obtain

={T",0<k <d) (U TBIO))UTB(I)

0<k<d
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From this decomposition, it is immediate that, for all d > 0,

h(Tq) £ h(T) < max| max ((T,(1°0)) + k + 1).d + h(T (1) .

with equality whenever d < Rf + 1. This inequality implies that, for all d > 0, we have

h(Tq) < max{ max (h(TP(1°0)) +k + 1}.d +h(1,7 (1))

d B (7kq B (14
1.3 =d h(T”(1°0)) =k}, h(T7 (1
(13 +max| max (h(1*(1°0)) — k). h(1, (1))
<d+ max{sup{h(TB(Tka)) —k}, h(T) (Td))};
k>0
The first term in the maximum is the same supremum as appears in (1.2), and Proposition 1.12

gives an essentially sharp upper tail bound for this term of the form c¢*logn + Op(/logn).

h(Tn,g,)
n(l—q,,)—i—qc* logn
n(1 — g,). This choice indeed gives the desired bound for h(TnB (Td)), due to the following
proposition.

Because we aim to prove that — 1 in probability, a natural choice for d is then

PROPOSITION 1.13.  Let (gn)n>0 be such that n(1 — q,)/logn = ©(1). Then

— 1— n
h(Tn,qn(ltn( q )J))
%
c*logn

in probability.
The proof of this proposition can be found in Section 4.4, and boils down to showing that

(1 =) - [ Tgy 0" 79| = 0p(log| Ty, (T 74)),

then applying the bounding technique described in Section 1.3. This proposition, combined
with the upper bound on the supremum, proves the upper bound of Theorem 1.1 when n(1 —
qn)/logn = O(1).

To prove the corresponding lower bound, we use the simple inequality

h(Tpg) £ h(TE) = d + h(TE (1)),

which holds forany 0 < d < Rf + 1. Again taking d = |n(1 —g,) ], which is at most Rf with
high probability, Proposition 1.13 then yields that 4(7, 4,) > n(1 — g,) + (c* + op(1)) logn,
which is the lower bound of Theorem 1.1 when n(1 — g,)/logn = ®(1).

1.6. Distributional limits. In Section 1.4, we described the strong connection between
h(Ty,q,) and the right depth Rf whenever (g,),>0 is such that n(1 — g,)/logn — oo; in this
regime, we can transfer many results on the asymptotic behaviour of (R2),,0 to the sequence
(h (Tn,qn ))nZO-

If not only n(1 —¢g,)/logn — oo but, more strongly, ng, — A € [0, 00), then it is straight-
forward to prove that IP’(h(TnB) = Rf) =1 —o(1). In this case, by studying the characteristic
functionof n — 1 — R,? , it follows fairly easily that

n—1—RE 4, poisson(n),

from which Theorem 1.4 follows. The details of this argument appear in Section 5.3.

If we assume now that ng, — oo, by analyzing the moment generating function of R,f
given in Proposition 1.11, we can prove a central limit theorem for the right depth; this is
stated in the following proposition.
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PROPOSITION 1.14. Let (gn)n>0 be such that nq, — oo. Then

B l—g
Rn - Zl<k§n 1_[;
n

Jn( = a)q, +logn A -

4, NORMAL(O, 1).

In particular, if n(1 — g,)/logn — o0, then this implies that

RE —n(1 —gy) —log((1 —gn)™") «
N —> NORMAL(O, 1).

The proof can be found in Section 5.1. If we furthermore assume that n(1 —g;)/(log n)? —
00, then the log((1 — qn)_l) term in the numerator of this proposition can be removed; in this
case, using (1.2) to compare h(7, 4,) with RB gives tight enough bounds to establish the
conclusion of Theorem 1.3.

For the remaining regime of (g,),>0, that is, when n(1 — g,)/logn — oo and n(l —
qn)/(og n)> = O(1), both terms n(1 — qn) and log((1 — qn)*l) contribute to the asymptotic
behaviour of RZ. In this regime, the proof of the central limit theorem for (7, 4,) requires
a similar technique to the one of the proof of Theorem 1.1 in the intermediate case (when
n(l —gqp)/logn = ©(1)), but with a different choice of d.

Previously, we deterministically chose d = |[n(1 — g5)]. In the current setting, we instead
require d to be a random variable defined as follows. For n > 0, let m = m(n) be the smallest
integer such that m(1 — g,) +logm > n(l —¢q,) andlet D = D(n) = R,ﬁ + 1. The same chain
of reasoning that yielded (1.2) and (1.3) now gives us the bounds

7)) < h(1F) = D(n) < max{sup{n(T® (1°0)) — k}, (T,E(T""))}.
k>0

(1.4) h(TE(T

Itis not hard to see that m(n) =n — (1 +0(1)) }(igq’; and then we use Proposition 1.14 to prove
that
Riy—nl—aqn) 4
m(n) —> NORMAL(O0, 1).
(1 —qn)gn
Moreover, Proposition 1.12 straightforwardly implies that the supremum on the right- hand

side of (1.4) is at most c¢*logn + Op(y/logn). Finally, the next proposition gives the last
ingredient to conclude the proof of Theorem 1.3 in the case n(1 —¢,)/logn — oo and n(1 —

qn)/(ogn)? = 0(1).

PROPOSITION 1.15. Let (gn)n=0 be such that log(n(1 — q,)) = O(/logn) and n(1 —
gn) = w(/logn). For n >0, let m = m(n) = min{¢ > 0: £(1 — gq,) +logt > n(l — g,)}.
Then the sequence of random variables

_pB
(h(T,,BuRm“)) _c* logn)
n>2

Jlogn

is tight.

The rather technical proof of Proposition 1.15 can be found in Section 5.2. Proposition 1.15

B

implies that h(TnB (TR”’—H)) /c*logn — 1 in probability, which suggests some relation to
Proposition 1.13. However, we did not see a simple way to give a unified statement. The
reason for the hypothesis on (g,),>0 in Proposition 1.15 is mainly due to an error term of
order O (4/logn) in several of the asymptotic estimates which arise in our analysis.

Combining Proposition 1.14 and 1.13, the bounds in (1.2) and (1.4), and a subsequence
argument as for Theorem 1.1, we can conclude the proof of Theorem 1.3. This also concludes
the sketch of the proofs of the three theorems.



2232 L. ADDARIO-BERRY AND B. CORSINI

2. Connection to random binary search trees. In this section, we prove Theorem 1.1
in the case when (gy),>0 is such that n(1 — ¢,)/logn — 0. As explained in Section 1.3, the
proof will be divided into upper and lower bound. We also prove the following proposition,
which gives a bound on the second order term for the convergence in probability and will be
useful for Theorem 1.3.

PROPOSITION 2.1.  Let (qn)n>0 be taking values in [0, 1) such that n(1 —g,)/logn — 0.
Then, for any sequence (yy)n>0 such that y, /(n(1 — q,) Vv /logn) — oo, we have
nli)nOloIP’ﬂh(Tn,qn) —c*logn| > y,) =0.
2.1. A useful function. Before proving Proposition 2.1, we introduce and study a very

useful function, which will play a role in the analysis for all the regimes of (g,),>0. For
n>0,qg€l0,1)and a > 1, let

Ha(n,q)i= ) (11__;k>a.

1<k<n

The following fact gives a first indication of the importance of (.

FacT 2.2. For all n > 0 and g € [0,1), with B = (B; j); j>1 having independent
BERNOULLI(1 — g) entries, we have

E[RE] = pi(n,q)

and

Var[R7] = ju1(n, q) — na(n, 9).

More generally, there is a formula relating the expectation of (Rf)“ to the functions pu;
for i <a, as given in the next proposition.

PROPOSITION 2.3. Let n > 0, q € [0,1), and B = (B; j)i j>1 have independent
BERNOULLI(1 — g) entries. Write Sg = {(s1,...,5p) : 51 + 252 + --- + Bsg = B} and for
s=(s1,...,58) € Sg, let |s| =51+ -+ sp. Then, for all integer o > 1, we have

E[(R))*] = Z Z(_l)ﬂJrISIﬁ!{O‘} l—[ M
1<p<an(n—1)seSg Bl Zizp Vs

where ({z})a,/ﬁzl are Stirling numbers of the second kind.

The proofs of Fact 2.2 and Proposition 2.3 can be found in Appendix A. Because w1 (n, g)
relates to the expected value of Rf , it can also be used to give concentration bounds on the
right depth, as shown below.

LEMMA 2.4. Fixn>0and q € [0, 1). Then, for any c > 1, we have
e
P(RE > cui(n, q)) < em([clog(;) — 1}#1(1@ q))

and

P(RY < c ™' ui(n, q)) < exp([c™" log(ce) — 1]ui(n, ).
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PROOF. The proof simply follows from Chernoff’s bounds. For all ¢t > 0, by Proposi-
tion 1.11, we have

Ele'R]
B
P(Ry > cmi(n.9)) = Zm s
1—¢q
_ ,—tepi(n,g) 1 -1 )
. 11‘[ ( + (e )1_qk
<k<n

By the convexity of the exponential function, we have 1 + x < e*, hence

[1 <1+(e’—1)11__qk)5 I1 TV —exp((e! = Dpan. ).

l1<k<n q 1<k<n

Using this bound in the previous equation, we obtain

P(RE > cui(n, q)) <exp(—tcui(n, q) + (¢' — 1)1 (n, 9)).

The optimal value for ¢ corresponds to e’ = ¢ and yields the first bound of the lemma. Simi-
larly, for any ¢ > 0, we have

— 1_
PRE <) =100 TT (147 = 1))
l<k<n —dq

<exp(te i (n, q) + (7" = D1 (n, q)),

and the optimal bound is given by =" = ¢~!, yielding the second bound. [

In order to use these results, we need to better understand the behaviour of 1. The follow-
ing two propositions describe the asymptotic growth of w1, and of w4 for o« > 1, respectively.

PROPOSITION 2.5.  Consider any sequence (qn)n>0 taking values in [0, 1). Then we have

Ml(n,qn):n(l—qn)—}—log(n/\ ! >+0<\/10g(n/\ ! ))
1—gqy 1 —gn

PROPOSITION 2.6. Let a > 1. Consider any sequence (q,)n>0 taking values in [0, 1).
Then we have

1\ &7t
patn. g =n(l =) +c@ =1+ 0((A=anv )™ ) =n =g+ 001,
where ¢ (a) is the Riemann zeta function: (o) = ) x> k%

The second equality in Proposition 2.6 directly follows from the first one as (1 — g,) Vv
% < 1. The proofs of these two propositions can be found in Appendix B. Since the details of
the proofs are tedious, we provide a brief sketch of the idea. The proof technique heavily relies
on the fact that 11_—qqk ~ % whenever k(1 —¢g) = o(1), and that 11__;,( ~ (1 —¢q) whenever k(1 —
q) = w(1). Pretending for the moment that the first asymptotic holds whenever k(1 —¢g) <1
and that the second one holds whenever k(1 — ¢) > 1, and assuming that 1 < ﬁ < n,it

follows that

1— o
ta(n,q)= (1 q)

_ 4k
l<k<n 4q



2234 L. ADDARIO-BERRY AND B. CORSINI

1
~ ) @t 2 -9

1 1
1<k§17q =3 <k<n

the second term asymptotically simplifies to log(ﬁ) when o = 1 and to ¢ (o) when o > 1.

The fact that when « > 1, the second-order term of the development of 1y is ¢ () — 1, is
interesting to us, and we can imagine it has already appeared in the literature; however, we
were unable to find a reference.

2.2. Upper tail bound. o prove the upper bound of Proposition 2.1, we start by proving
Proposition 1.6, as this stochastic bound is at the heart of the proof.

PROOF OF PROPOSITION 1.6.  We must show that, for all v € T, n > 0 and ¢g € [0, 1],
we have

PweT,,) <PI" eT,)

Firstof all, if ¢ =0, then T, ; = {T ,0 <k <n}, and the inequality is clearly true. Secondly,
if g =1, then T}, 4 is a random binary search tree, and by symmetry we have

PweThy) =PucT,y)

for all u, v such that |u| = |v|, which also proves the inequality.

Fix now g € (0, 1). We prove the result by induction on n. For n < 1, the assertion holds
because either 7, ; is empty or T, ;, = {<}. Consider now some node v € Too. Write Tnfq
and Tan, respectively, for the left and right subtrees of T, , re-rooted at &; in other words,

T.40) =0T}, and T, ,(1) = 1T,%,
Assume first that v = 1v'. In this case, v € T,.q if and only if v’ € T,fq. Moreover, by

Proposition 1.5, we know that, conditioned on its size, Tan is a Mallows tree; since |T,fq | <n,
by induction we thus have

PveT,,) =P ek ) <P e X ) =P(1" e T,,,),

which proves the statement in this case.
Assume next that v = 0v’. In this case, v € T, 4 if and only if v’ € Tn%q. Moreover, by
Proposition 1.5, for 0 <k <n — 1, we have

| — gkt g 1— gt gkt -
P(|T,5, ]l <k) = ———=q" o — =P(T,, | =n—k—1).
1—g¢q 1 1 —q"
Since P(l gl=n— k - 1) =P(T, | < k), it follows that P(|7,, | <k)>P(T, | < k),
which means that |T, | =<IT, | By Corollary 1.9, it follows that

PweT,)=P0 eT),) <P eT\) < P’ eT,,),

proving the assertion in this case.

Finally, if v = @, then v = T‘vl andP(v e T, 4) = IP’(T'U‘ € Ty 4). This completes the proof.
O

Before proving Proposition 2.1, we state and prove the following proposition, which allows
us to extend the results from convergence in probability to convergence in L j, in Theorem 1.1.
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PROPOSITION 2.7.  For any sequence (q,),>0 and any p > 0, the family of random vari-
ables
(G o))
n(l—gp) +c*logn/ /u=1

PROOF. First of all, by Proposition 2.5 we have n(l — g,) + c¢*logn = ®@(u1(n, gn));
hence, it suffices to prove that (h (7}, 4,)/1t1(n, g,))? is uniformly integrable, and we now do
this.

Fix a € R. Combine Proposition 1.6 with a union bound to obtain

h(Tyq,)\? >
P((MT;)) > a) :P(h(Tn,qn) = al’,u(n, ql’l))

is uniformly integrable.

|
.1 :IF’(EIU € Ty, 4, such that |v]| = [a;Ml(”l» Qn)-|)

3 1
< 20" IHIR(RY > a1y (n, gn).
Using Chernoff’s bound together with the moment generating function of R? from Proposi-
tion 1.11, we have
1 L 1

P(RE > a” 1 (n, gn)) < 74" MR RY] < exp(—ta? w1 (n, gu) + (¢ — 1)1 (1, qn)).
Taking ¢t = log?2 4 1 and using this bound in (2.1), it follows that

h(T, p 1

P<<M> > a) <2exp(—[a? +1—2e]pi(n, qn)).
n(n, qn)

Thus, for a > (2e — 1)”, we have

h(T, p
lim P((M) >a) =0,
n=>00 A\ (1, qn)
which proves the claimed uniform integrability. [J

This result implies that the convergence in L, in Theorem 1.1 follows from the conver-
gence in probability. Therefore, from now on we can only focus our attention on proving the
latter type of convergence.

Using a similar argument as for the previous proof, we conclude this section by proving
the upper tail bound of Proposition 2.1.

PROOF OF PROPOSITION 2.1 (UPPER TAIL). Fixn >0 and h = h, > u1(n,q,). By
combining Proposition 1.6 with a union bound, we have

P(h(Th,q,) = h)=PFveTx: v =h,veT,y,,)
<P eT,,)
=2"P(RE > h).

Because h > pu1(n, qn), it follows from Lemma 2.4 that

B eﬂl(”»Qn))_ :| )
) [ )
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hence

2.2) P(h(Th.q,) = h) < exp(h 10g<w)

— pi(n, qn))-

Fix a sequence (y;),>0 such that y, = w(n(1 —gq,) Vv /logn) and with y,, = o(logn); this
second hypothesis on (y;,),>0 suffices to prove Proposition 2.1 as the probabilities we aim to
bound are decreasing functions of y,. By Proposition 2.5, we have p1(n, g,) =n(1 —g,) +
logn + O(y/logn) =logn + o(y,). Taking h, = |c*logn + y,]| and since ¢* > 1, we thus
have that i, > u1(n, g,) for n large enough, so (2.2) gives

2ep1(n, qn)
23) P(h(Ty ) = h) < exp(hy tog(*H5 50 ) — i, ).
n
To bound the right-hand side of (2.3), we note that ¢* 1 (n, g,) = c*logn + o(y,) = hy, —
(I +0(1))¥n, so
2ep1(n, gn) 2¢ c*pi(n, gn)
log| ——— ) =1log _
hy ot hy,

log(2 >+10g( —(1 0(1)) )

_ 1 7
== (I+o(D)

n

the last identity holding since c¢* log(%) =1 and since y,, = o(h,). Together with (2.3), this
yields

h 1
B(h(Trg,) = o) = exp(2 = (14 0Dy — 1)) =exp( (5 = 1+ 0() ) ).
Because h, < c*logn + y, and y,, — oo this concludes the proof of the upper bound. [J

2.3. Lower tail bound. We now prove the lower tail bound of Proposition 2.1. In order to
do so, we use the coupling explained in Section 1.3: S, , (&) = n and given S, 4(v), we have

log(1 — Uy(1 — gSna®
{ og( i( q°ma ))J ifg e 1),
o ogq
SO =115 WU, ifg=1,
0 ifg =0

and

Sn.gW1) = Sp.4(v) — 1 =S, 4(00).

As we saw in Section 1.3, it follows from Proposition 1.5 that {v € T : Sy q(v) > 1} is
MT(n, g)-distributed.

For any node v € Too, write X, 5 = Uy and X, 7y =1—Uy. and let P, =[],., X
where e < v denotes the set of edges on the path from & to v. The following proposmon
gives useful bounds for S, , using P.

LEMMA 2.8. Letn>1andq € (0, 1). Then, a.s. for all v € T, we have

log(1 — P,(1 —¢q" 1 "+ P,(1—4q"
og( v( q))_|v|§an(v)§n_ ogl¢" + A —q")
logg ' logg

Moreover, these inequalities naturally extend to g = 1 as follows: almost surely

nP, —|v| < Sn,l(v) <nP,.
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PROOF. We only consider the case g € (0, 1), since in the case g = 1 the assertion was
already proven in [11], and can be obtained from our formula by taking the limit ¢ — 1.

We prove this lemma by induction on the depth of v. For v = &, P, = 1 and the inequalities
hold. Assume now it holds for some v € T,. We start by proving that the lower bound holds
for the left child of v. By definition, we know that

&gwmzlbﬂl—uul—q%%W»JZbgl—vm1—q%W%>_L
logg logg
and the right-hand side is increasing in S, ,(v). By the induction hypothesis, we know that
Sn,g(v) = W — |v|. Replacing S, 4(v) by its lower bound into the previous for-
mula gives us
log(1—Pu=¢")) _
S0 00y 3 B0 = Vsl =g st ),
logg
_log = Uy +Upyg "0 = Pi(1=g")
N logg S

Since logg < 0 and (1 — U,) < ¢~ "I(1 — U,), it follows that
log(q™"I(1 = U,) + Uyg M1 = P,(1—¢")
logg
_log(1 = U, Py(1 —g"))
logg

Sn.q(v0) > 1

— vl =1,

which is the desired lower bound.
We now prove that the upper bound holds for the right child of v. Using the definition
again, we have

Snq(0]) = Sy q(v) — 1 = Sy 4(v0)

I 1-U,(1 — Sn,q (V)
=aw00—1_L°ﬂ f q )w
0gq
1 1 — U 1 — Sn,q(v)

= [Sn,q(v) - og( 1;( q ))—‘ —1

0gq
as. log(1 — Uy(1 — an,q(U)))
= Sn’q (U) — 1 ,

0gq

i i log(1—U, (1—gSma™)y) . i
the last equality following from the fact that Tozq is a.s. not an integer. From

this equality, we obtain

log(1 — Uy(1 —g%«™))

logg

and the right-hand side is increasing in S, 4 (v), which can be checked by direct computation.
Applying the induction hypothesis, we obtain

Sn,q(vT) =< Sn,q(v) -

_ log(g"+Py(1—¢"))

- log(g" + P,(1 — q" log(1 — U,(1—¢" Togq
S T) <1 — 0g(q" + Py(1 —¢"))  log( v(I—¢ )
’ logg logg
_n_log(qn+(1_Uv)Pv(l_qn))
logg ’

which is the desired upper bound.
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For the two remaining bounds, note that, for any integer S > 1 and U € (0, 1), we have

<S _log(1-U( ~ qs))> B (log(l —(1-0)1 _qS)))

logg logg
Slogg —log(q3 + U(1 — U)(1 — ¢5)?
2.4) _ Slogg og(g” +U( (I —¢g°)%)
logg
1 U(l—U)(1 —g%5)?
= I 10g<1+ ( )é ) )20.
10g5 q

From this inequality, it follows that

log(1 — Uy (1 — ¢°a™™)) J
logg

> ng(l —(1-U»(1 qS"-N)))J

- logg '

and then the same technique as the one used to bound S, (v0) from below gives us that

Sn,q(UT) > log(1 — (1 = Uy) Py(1 —q")) — -1,

logg
which yields the desired lower bound. Similarly, (2.4) gives that

Sy (V1) = [Sn,q(v) -

_ log(1 — Uy(1 — g5ma®
Spg (v0) = { og( k()gq q ))J
_ _ _ Sn,q(v)
< Lsn’q(v)_bg(l 1-Uy)(1—gq ))J’
logq

from which we deduce that
log(qn + UvPv(1 - C]”))
logg

by the same technique used to bound S, , (v1) from above. This last inequality concludes the
induction and the proof of the lemma. [l

Snq(00) <n —

With this results, we can now compare (S, 4) for different values of n and g using P. This
leads to Proposition 1.7.

PROOF OF PROPOSITION 1.7. 'We must prove that
]P)(h(Tn,q) =< E) =< P(h(Tm,l) < E)

n

where m = I_II_;—ZHJ. First of all, if ¢ =0, then h(7;, 4) =n and m = Lll—;—fﬂj =1, so the
inequality holds. Assume now that g € (0, 1). Because {v € Teo @ Sy,¢(v) > 1} is MT(n, q)-
distributed, we have

P(h(Th,q) <€) =P(Vv € Too with [u] =€+ 1: 5, 4(v) < 1).
Using the lower bound in Lemma 2.8, this implies that
log(1 — Py(1 —¢"))
— v <1
logg

P(h(T,,,) < £) < P(VU € Too with [v] = £+ 1

P
=IP’(VU€ Toowith [U|=£+1: P, < 7>
1—g"
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Consider now some m > 1 and use the same technique but with the upper bound of
Lemma 2.8:

P(h(Tyn.1) < £) =P(Vv € Too with [v] = £+ 1: 5,1 () < 1)

1
ZP(VveToowith|v|=£+1:Pv<—).
m

.Q

The proposition now follows by defining m = |_ 7 +2J since nl >

We now have all the results necessary to prove the lower tail bound of Proposition 2.1.

PROOF OF PROPOSITION 2.1 (LOWER TAIL). Consider (g,),>0 and (¥»)n>0 as in the
proposition and let m,, = L%J where £, = [c¢*logn — y,|. We again assume without
loss of generality that y,, = o(logn).

Let us first study the asymptotic behaviour of logm,. Note that L i +2J is monotone in
g provided £ + 2 < n. Because n(1 — g,) < logn for n large enough, 1t follows that

logn\n n
1_(1_7)6,14—2 g—>11—g¢q £y +2

c*(logn)?
Moreover, (1 — k’%)" =o(1) and (1 — 1"%)‘%2 — oo _ | (1 4 o(1)) x

« 2
< oem)” ' which implies that

— (] — lognyn
10g(11 =0 —1>=log<(1+0(1))

_ (1 — 10%)&1—1—2

n

It follows that
logn 4+ O(loglogn) <logm, <logn —log({, +2) =logn + O(loglogn),

hence logm, =logn + O(loglogn).

Let us now study (7,,.1)n>0. Recall that when ¢ =1, a MT(n, g)-distributed tree has the
distribution of a random binary search tree. We use the results of Reed [30] and Drmota [13],
who prove that

E[h(Tp, 1)] = c*logm, + O(loglogm,)

and
Var[h(Ty, 1)] = O(1).
Next,
P(h(Tn,.1) < €n) =P(h(Ty, 1) — E[h(T, . 1)] < €0 — E[(T, . 1)])
and

Ly —E[h(Tp, 1)] = c*logn — y, — ¢*logm, + O(loglogm,) = (—1 + o(1))yx,
the last equality holding since y,, = w(y/logn) = w(loglogn). Applying Chebyshev’s in-
equality, we obtain
Var[h (T, 1)] 1
P(h(Tm,.1) < €n) < T 0( 2):0(1).
(€n — E[h(Tn,, DD (Vn)
The lower bound of Proposition 2.1 follows by applying Proposition 1.7 to obtain

IF>(h(Tn,q,,) = c* logn - Vn) = IP)(h(Tn,qn) =< gn) = IPJ(h(Tm,,,l) = En) = 0(1) U
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3. Right depth of Mallows trees. In this section, we study the right depth Rf of a
Mallows tree and use its properties to prove Theorem 1.2.

3.1. The bivariate moment generating function. In this section, we prove Proposi-
tion 1.11, which we recall provides a formula for the bivariate moment generating function
of RE and MB.

PROOF OF PROPOSITION 1.11.  Fix g € [0, 1) and let B = (B; ;) j>1 have independent
BERNOULLI(]1 — ¢) entries. Let us first study the transition probabilities of the random pro-
cess (Rf, Mf)nzo. Define £, =0 (B; j, 1 <i <n, j > 1) for the o -algebra generated by the
first n rows of the matrix B and note that R,f and M,f are L, -measurable. Since (Rf In=>0
corresponds to the number of records of the sequence (MnB )n=0, we have

P(Rn+1 =r, Mn+l m| Rf:r,Mf:m,En)
=P(fBn+1)<MP|RE=r,MF =m,L,)
G =P@3je[ME —1]\FB Byy1j=1|RE=r ME =m,L,)
=1-P(Vje[MP 1]\ FE, Bys1,;,=0|RE =r,ME =m, L,).
Moreover, since Rf , Mf and FnB are L,-measurable, and (B, 41, ;) j>1 is independent of £,
we have
P(Vje[ME —1]\FEE, Byy1j=0|RE =r,MP =m, L,)
(32) =E[q!M - INE | RE = MB =m, L,]
=q""
the final equality holding since
(M7 =1\ Ef | =|[M7 =\ fP D, ... P
= [[MEI\{FE). ... FPm)]
=MP —

Combining (3.1) and (3.2) shows that the desired transition probability has the claimed value
when k£ = 0 and ¢ = 0. Similarly, for £ > 1, we have

P(RE  =r+1,ME  =m+¢|RE=r,MF =m, L,)
=P(f2n+1)=m+L|RE=r, ME =m, L,)
=P(Vje[M} +¢—1]\F} Byy1j=0and B, | ys o =1|R} =r, M} =m, L,)

:qm—ké—n—l(l _q)

This establishes the Markov property and proves that the transition probability is as claimed.
We now move on to the derivation of the bivariate characteristic function, and we do so by

induction. The equation does hold when n = 0, as can be straightforwardly checked, but for
the sake of the proof, it is more natural to start the induction at n = 1. In this case, we have

B[R+ yMP ] = SR RIHME | B 1) = jIP(FB (1) = )

Jj=1

= xlylg Tl d g

j=1
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:xy(l—q)
1 —gqy
g+ —-q)x—q!
I—qg'y

which is the desired formula. Assume now that the formula holds for some n > 1. First, by
conditioning on (R3, MPB), we have

(33) E[cRentiyMin] = SRRt yMi | RE =, MP = m|P(RE = r, MF = m).
r.m

For the first term inside the sum, we have
RB .4+1_MB B _ B _
E[x ntl Ty Tt | R}’l =r, Mn _m]

= Z Zxr+k+1ym+€]P>(R5+1 =r +k, Mf+1 =m+£L| Rf =r, M’f =m).
ke{0,1} £>0

We now split the sum according to whether £ = 0 or £ > 1. Note that if £ =0, then kK =0, and
if £ > 1, then k = 1. Using the previously derived transition probabilities, we obtain

B B
E[an+1+1yMn+1 |R5 =r, Mf :m]

:xr—i-lym(l _ qm—n) + Zxr—i-Zym-i—qu—i—Z—n—l(l _ q)
=1
xr+2ym+1qm—n(1 _ q)

1 —gqy

=xr+1ym(1 . qm—n) +

Plugging this back into (3.3), we have

E[_er?+l+1ny+l]

xr+2ym+lqm—n(1 _ q)

I —gqy

= Z[xr+1ym(l —q¢" ")+ ]P(Rf =r, MB =m)
r,m

B B 1 B B xy(l1—gq) B B
:E[XR,,H),M”]_q_nE[xR,,H(qy)Mn]_i_W_qqy)E[anH(qy)Mn]

B B 1 Txy(l—gq) B B
— E[}CR" +1yMn ] + q_nl:ﬁ _ 1i|]E|:an +1(qy)Mn ]

Using the induction hypothesis, this yields the equation

E[fo+l+1ny1B+l]

+(1—qg)x —qg* 1 Txy(l—
:|:y" I 4 ( q}){ q}r_n[ ¥ q)_l}
1<k<n 1 —g*y q I —gqy

0 q+(1—q>x—qk}
X[(qy) lgkl_lgn 1-q*(qy)

—y 1 q+(1—q)x—q"+(xy(l—q)—1+qy)y” 1l g+ (1 —q)x—q*
I<k<n 1-g*y I—qy Ikzn LT dy
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k
Finally, factorizing by y" [T; <1<, %, it follows that

—x—a* ) —
B[Rty M| = [yn I g+ ql)jc q ][ny(l ) +11+QY]
I<k<n 1—4% I—g"y

=[yn I q+(1—q)x—q"][y(qﬂl—q)x—q”“)}
1<k<n l—qky l—q”'Hy

T g+ (1 —qgx—q*
l<k<n+1 I —q%

establishing the second assertion of the proposition. [

With this result under our belt, we are able to prove bounds on their height in the case
when n(1 — ¢g,)/logn — oc.

3.2. Bounds on the left subtrees. Before proving Theorem 1.2, we prove Proposi-
tion 1.12, whose bounds will be useful in in the proof of all three theorems of this paper.

PROOF OF PROPOSITION 1.12. To begin, let us briefly explain why

pi1(n,q) —n(l —q) —log(n A 1)
(3.4) M:=c*x sup { }
n>2,g€(0.1) flog(n A 1)

is finite. Assuming it is not, we can find a sequence (7, gx)r>0 such that the term inside the
supremum of (3.4) goes to infinity. By extracting subsequences, we can assume that (gx)«>0
converges in [0, 1] and that (nx)x>0 is constant equal to some n > 2 or diverges to oo.

If nx = n, the numerator is bounded and the only way for this term to diverge is to have
log(n

)= Zi Qk—nu—qk)—log(l_l )

1
pr i i) = (1 = ) = log(me A :
1<i<n d

— gk

= 0(qx),

and since log(ny A ﬁ) ~ gk, the term inside the supremum of (3.4) actually converges to
0 and not infinity. On the other hand, if ny — oo, we can apply Proposition 2.5 to bound the
numerator in (3.4) and see that the supremum is again finite.

We will prove the bound stated in the proposition for this value of M. By the definition of
M, foralln >2 and g € (0, 1), we have

1 M 1
ul(n,q)—n(l—q)—log<n/\—> <— log(nA—);
l—q l—¢q

C*
moreover, this inequality remains true when n =1 or g = 0 as both sides equal 0.
Now, without loss of generality, fix £ > 0, write

PLs:= P(zgg{h(TB(Tkﬁ) —k)}=c* log<i> +M llog<i) + $>,

and let £ = [¢* log(ﬁ) + M log(ﬁ) + £7. By taking a union bound over k, we obtain

(3.5) Prs <Y P(h(T5( T 0)) > € +k).
k>0
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B ke d
By Lemma 1.10, T (1" 0) = T (g),4» SO

P(r(TF (1°0)) > £+ k) = P(h(Ta(g).q) = £ +K).

Consider now some A > 0 and divide the probability according to whether G(g) >
% or G(q) < %, to obtain

BT (1'9) = €+ ) = 2(h(To.) = €+, Gl = “E 22T

l—g¢
A(k+§)+2—q>
l1—gqg ’

(3.6)

+ P(h(Tc;(q)’q) >l0+k,G(g) <

For the first term, drop the first event and use that G(q) is geometric to obtain

Mk +8)+2- q) LR e
1—g¢g - ’

P(h(TG@,q) > 0+k Glg) >

where the last inequality follows from the fact that 0 < g < e? ~1_ For the second term, use
the increasing property of (7}, 4)u>0 from Corollary 1.9 to bound G(q) by its maximal value,
and then drop the second event, to obtain

Mk+8)+2—¢q
l—¢q

]P’(h(TG(q),q) >0+k,G(g) < )flP’(h(Tm,q) > +k),

where m = LMHE#J. Putting this back into (3.6) gives us

(3.7) P(h(TB(T0)) = £+ k) < e O~ L P(h(T;y.0) > £ +K).

In order to bound Ps, we now need to bound P(h(T,,4) > £ + k). Taking a union bound
over all nodes at depth £ + k and then applying Proposition 1.6, we obtain

P(h(Tp,q) = £+ k) < 2" P(RE > ¢ + k).

Using Chernoff’s bound with the moment generating function of RZ from Proposition 1.11,
it follows that, for any ¢ > 0,

P(RE > € +k) < e " “HORE['Rn] < exp(—t (£ + k) + (¢! — 1)1 (m. 9)).

Putting this back into the previous inequality and taking ¢ = log c* gives us

P(h(Tin,q) = L+ k) < exp(log( 2 )(ﬁ + k) + (¢* = 1)1 (m, q))

Since m > ﬁ and by using the definition of M, we know that

1 M 1
ui(m,q) <m(l —gq )+10g(1 )+—,/1 g<1_ )

From this inequality, we obtain

P(h(Ti,q) = €+ )

<exp(log(2>(€+k)+(c —1)<m(1—q)+log<é>+¥* log<i)>>.
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From their respective definitions, we know that £ > ¢* log(ﬁ) +M log(ﬁ) + & and that

m < %. Using these bounds together with the fact that log(c%) = ci* — 1 < 0in the
preceding inequality, we obtain

c*—1 1 1
P(h(Tin,q) = L+ k) < exp(— (c* log(—) +M llog(—) +E& —i—k)
c* 1—g¢ 1—¢q

+(c*— 1)(x(k +E)+2—¢ +log(ﬁ) + Cﬂ* 1°g<i>))

(c* — 1)(1 = c*1)

< exp(— (& +k)+2(c*— 1)>

Using this bound in (3.7), and then plugging the result into (3.5), we obtain

Prs < Z[exp(—)\(k +6)—1) +exp<— - 1)(*1 — M etn +2(c" - 1))]

k>0

Choosing A = Ez;)% so that A = M%m, this bound becomes

-1 2(c*—1)
e " +e
—>e—xs,

Pus =7 Tlexp(-2k — 1)+ exp(—1k+2(e" ~ 1))] = :

=0 1—e

proving the proposition. [

3.3. Almost sure convergence. To conclude this section, we prove Theorem 1.2, from
which we deduce Theorem 1.1 in the case when n(1 — g,)/logn — oo by combining it with
Proposition 2.7.

PROOF OF THEOREM 1.2. Let (g,)n>0 be a sequence such that n(1 — g,)/logn — oo
and fix ¢ > 0 and A > 0. We prove that
>¢e|=0|—
-

]P’( h(Tn,q,)
n(l —qn)
by bounding the lower tail and the upper tail separately.

We start with the lower tail as the technique for the upper tail bound is similar but more
involved. Using Rf as a stochastic lower bound for /(7 4,) as in (1.2), we have

P(h(Tnq,) < (1 —&)n(l —qyn)) < IP’(R,i9 < (I —&)n(l —gn)).

Since n(1 —gq,) = w(logn), by applying Proposition 2.6 we know that 1 (n, g,) ~n(1 —gqy).
It follows that, for n large enough, we have (1 —&)n(1 —q,)/mn1(n, g,) < 1 and we can apply
the second bound of Lemma 2.4 to the previous inequality to obtain

P(h(Tn,q,) < (1 —&)n(l — gn))

(I=2&)n( —gn) en1(n, qn)
<own(| 11 ) log(u ~en —qn)) 1 Juicr.an)

_ exp([(l —¢) 1og<1i> 1+ 0(1)}1(1 - qn)>.
—¢€
By convexity, (1 — &) 1og(1"’Tg) < 1. Since n(1 — g,) = w(logn), this proves that

-1

1
P(h(Trg,) < (1= o1 = ) = 0( ).

nY
which is the desired lower bound for h(7, 4,).
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Let us now prove that the upper bound also holds. Using the second stochastic inequality
given in (1.2), we have

P(h(Ty.q) > (1 +&)n(l — gy)) < ]P(R,f +1+supl{h(TE(T0) =k} > (1 + &)n(1 — qn)).
k>0

Using that X + Y > x + y implies that X > x or Y > y to bound the probability on the right,
we obtain

P(h(Tp.q,) > (1 +&)n(l — gy)) <P(RE > (1 +¢/2)n(1 — g,))

+ IP’(I + sup{h(TB(TkG)) —k}>en(1— qn)/2>.
k>0

For the first term, using the first bound of Lemma 2.4 and the same arguments as for the lower
bound, it follows that

1
P(RE > (14+¢/2)n(1 —g,)) = O<n_y)'

For the second term, apply Proposition 1.12 with

E=§&=en(l —q,)/2—-1 _C*log<1 _1qn> _Mm

P(1+ sup{h(T* (1°0) — k} > en(1 = gn)/2) = Ce ™.
k=0

to obtain

Since n(1 —g,)/logn — o0, it follows that log I_an = O(logn) and then &, ~ en(1—gq,)/2,
which proves that

e 1

P(1 +sup{h(T*(10)) — k} > en(1 — ) /2) = 0(-).

k=0 nv

This yields the desired upper bound for (7, 4,) and concludes the proof of Theorem 1.2.
O

4. Intermediate values and threshold process. In this section, we will prove Proposi-
tion 1.13, which will allow us to conclude the proof of Theorem 1.1 in the last case, that is,
when n(1 — g,)/logn = ®(1). In order to do so, we prove the following proposition, which
in fact handles a somewhat wider range of asymptotic behaviour for the sequence (g,),>0-
The bounds in Proposition 4.1, below, are actually tight enough that they will also be used in
Section 5.1 to prove Proposition 1.15, which is a key input of the central limit theorem for
the height of Mallows trees.

PROPOSITION 4.1. Let (gn)n=0 be such that log(n(l — q,)) = O(J/logn) and n(1 —
gn) = o(/logn). For n >0, let m = m(n) = min{¢ > 0: £(1 — q,) +logt > n(l — g,)}.
Then, for all (B,)n>0 such that B, = w(y/logn), we have
—RE 11
)

nli)ngop(e_ﬁ” = }TnB( (1 —gn) < ,Bn) =L

From this proposition, with m = m(n) as previously defined, we will show that

_pB _pB
T2 ([T )1 = g,) = op(log(IT ([T ))))
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which allows us to apply Proposition 2.1 to prove that

R(TE TR Y) = (¢ + op(1)) logn.

It is not hard to show that R,ﬁ = (14 op(1))n(1 — g,). Once we establish this, we will be
_RE —n(l—
able to prove Proposition 1.13 by comparing the sizes of 7,2 (1 Bntly and TE(1 Lnd=anly

_pB
In order to study the size of TnB (1R’“+1 ), recall the definition of (TnB )n>0 from Section 1.4
and note that, for all 4 > 0,

ITBAY) = i en]: £B() > B0}

’

_pB
where 72 is the labelling function of the tree TB. Moreover, since v5 (lR’") = M,ﬁ where
ME =max(f8(i),i € [m]), we have

LAT ) = (i e a1 £2G) > ME)].

In order to study the size of the random set on the right-hand side of this equation, we
define the threshold process N® as follows. For all n € N and s € N, let

(4.1 NB(n,s):=|li elnl: fBG) > s}|.

The two preceding displays show that
—RB41

LT = NP (0, M),

—RE+

which will be our key tool for bounding |72 (1 1)|. The analysis of this identity is made
easier by the following lemma, which partially decouples M5 and N 8.

LEMMA 4.2. Foralln>0,q €[0,1) and 0 <m <n, we have
_pB N
TEA D LN (1 —m, ME —m),

where B = (B; ;) and B* = (Bi"j j) are independent matrices, each with independent
BERNOULLI(1 — g) entries.

Using this distributional identity, the proof of Proposition 4.1 will be divided into the
following three steps:

Step 1 We study the threshold process N B (n, s) for all values of n and s and prove bounds
for its upper and lower tail probabilities (see Propositions 4.5 and 4.6).

Step 2 We prove that M.}, =n 4+ Op(y/Togn/(1 — g,)) using Proposition 1.11.

Step 3 We combine these two results to prove Proposition 4.1.

The rest of the section is organized as follows. The results of steps 1, 2 and 3 are re-
spectively stated and proven in Sections 4.1, 4.2 and 4.3. Finally, in Section 4.4, we prove
Proposition 1.13 and deduce Theorem 1.1 in the case when n(1 — ¢g,)/logn = ©(1).

4.1. Threshold process. This section is focused on the behaviour of N B(n, s) as defined
in (4.1). From the definition, we see that N? is increasing in n and decreasing in s. Since
fB is bijective, it is also straightforward to verify that (n — s). < N(n, s) <n where x, =
max(x, 0). The next proposition gives further properties related to the distribution of N.
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PROPOSITION 4.3.  Fix g € [0, 1), and let B = (B; j)i j>0 be an array of independent
BERNOULLI(1 — g) random variables. For k > 0, write Li(B) =0 (B; j,1 <i <k,j>1)
for the o -algebra generated by the first k rows of B. Then, for any integers n,s > 1, for all
£ >0, we have

P(NB(n,5) =1 f5(1) <5, Lk (B) EP(NE(n— 1,5 = 1) = | Li1(B))

and

I~

P(NB(n,s)=¢€| fB(1) > s, Li(B) EP(NB(n — 1,5) =€ — 1 | L;_1(B)).

PROOF. Write B/ for the minor of B obtained by deleting the ith row and the jth

column, and note that B¢/ < B. Moreover, given that f2(1) = r, the rest of the values
fB@2), fB(3), ... becomes independent of the first row and the rth column of B. Hence, for
1 <r <s, we have

P(NB(n,s)=¢€| FB(1)=r, Lu(B)) =P(NB""(n — 1,5 — 1) = £ | L(B))

i[P(NB(n —1,s = 1)=4¢|Ly_1(B)),

where the second equality holds since L (B) is generated by Ly _1 (B1)) and o({B1,j,]j =

13U{B;,,i >1}), and B ig independent of the second of these o -algebras. Similarly, for
r > s, we have

P(NB(n,s)=¢€| FB(1)=r, Lu(B)) =P(NB""(n = 1,5) = £ — 1| Li(B))

U

SP(NB(n—1,5)=€—1|Li_1(B)).

This proves the two desired equalities. [J
Applying this proposition, we can now prove Lemma 4.2.

PROOF OF LEMMA 4.2. By definition, we know that
_pB
TP = NP (n, b1,

Let s > 1 be an integer. Conditioning on the value of M2 and applying Proposition 4.3 with
k =1, we obtain

P(NB(n, MBY =0 | MEB =5) =P(NB(n,s) =€ | ME =5, fB(1) <)
=E[P(NB(n,s)=¢| ME =5, FB(1) <5, L1)]
=PNEBm—1,s—1)=¢|MB_|=s5s—-1).

Applying this identity m — 1 times, we obtain that
P(NB(n, MBY =0 | ME =5)=P(NP(n—m+ 1L,s —m+1)=€ | MF =s —m +1).

For the last step, since {fB(l) <s—m-+ l,MlB =s—m+1}= {fB(l) =s—m+1},it
follows that

P(NB(n, MB) =2 | ME =)
Nemn—m+1,s—m+1)=¢|MB=s—m+1, fB))<s—m+1
1

P(
P(NB(n —m+1,s —m+1) =] fB()=s —m+1)
P(NB(n —m,s —m)=1¢).
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Thus, the proof of the lemma is immediate by observing that

P(NB' (n—m,ME —m)=t|MP =5) =P(NB"(n —m,s —m) = 0). O

. —RB+1 .
In order to bound the size of TnB (1 mt ) using the threshold process, we now state and
prove an exact formula for the probability mass function of NZ(n, s). For the remainder of
the section, we write N(n, s) = NB(n, s).

PROPOSITION 4.4. Letn,s > 0. Then, for all £ € N, we have

— )+t i a—
P(N(n, s) = £) = g+ 2< 1 (1_q)> Y T,

s+1-n+L<i<s AC[n]:|A|=C

PROOF. First, note that the right-hand side of the equality isOif { <n—s—1orf >n-+1
since either the product [ [ _,4¢<i<s(1 — q") equals 0 or the sum Y ACn]:|A|=¢ 1S empty.
For such ¢, P(N (n, s) = £) = 0 as well, so the claimed equality holds when £ <n —s — 1 or
£ > n. We now prove that the equality holds for (n — s)+ < £ <n by induction on n + s.

First, if n + s = 0, then N (n, s) = 0 and the right-hand side is equal to 1 if and only if
£ =0, which proves the formula.

Fix some n, s > 0 and assume the formula holds for any n’, s" such that n’ + s’ <n +s.
Let ¢ be such that (n — s)4 < £ < n. By considering the possible values for £ (1) and using
the two formulas in Proposition 4.3, we obtain

P(N(n,s) =€) =P(N(n,s)=¢| fP(1) <s)P(fF(1) <)
+P(N(n,s)=2| fB(1) > s)P(fB(1) > s)
=P(N(n—1,s — 1) =0)P(f(1) <)
+P(N(n—1,5) =€ — D)P(fE(1) > 5).
Using the definition of fZ, we know that

P(ffm<s)= Y P(ffH=j)=1-¢°

1<j<s
and
P(fB(1) > s)=¢".
This gives us that
42) P(Nn,s)=0)=(1—-¢ )P(Nn—1,s = 1) =€) +¢’P(N(n — 1,5) =€ — 1).
Using the induction hypothesis, we know that
P(N(n—1,s — 1)=z)=q<s—">f+@( ]‘[ (1 _qi)) Z graeat@D),
s+l-n+l<i<s—1 AC[n—11:|Al=¢
Hence, multiplying by (1 — ¢*) on both sides and putting it into the product, we obtain
(1-¢")P(N(n—1,s —1)=1¢)

=q(s_n)e+&;'>< 1 (l—qi)) Y gTeealaD),

s+1-n+l<i<s AC[n—1]:]A|=L
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Similarly, we have

¢°P(Nn—1,5)=¢—-1)

=qs.q(s—n+1>(e—1)+‘“2—”< T (l_qi)) T gTeeateD

s+1—n+l<i<s AC[n—1]:|Al=£—1
:q(Av—n)eJr@( 1—[ (1- qi)> Z g" 1t aeala=)
s+1—n4l<i<s AC[n—1]:|Al=t-1
Putting the previous formulas into (4.2), we obtain

P(N(n,s)=€)=q“_”)”%_+l)( I1 (1—qi)) > gres@D

s+1—n+L<i<s AC[n—1]:|Al=¢
+q(s—n)e+@( l—[ (1- qi)) Z g1 acata=D),
s+1—n+L<i<s AC[n—1]:|Al=t~1
In order to conclude, note that
Z qn_l+2aeA(a_1) — Z aneAu{n}(a_l)’
AC[n—1]:|A|l=t—1 AC[n—1]:|A|l=¢—1
which implies that
Z aneA(a_l) + Z q”_1+ZaeA(a_1) — Z aneA(a_l),
AC[n—11:|A|=¢ AC[n—1]:|A|l=t—1 AC[n]:|Al=¢

and this proves the desired formula for P(N (n, s) = £). The induction and the proposition
follow. U

We conclude this section on the threshold process with upper and lower tail bounds for N.
Both of these bounds use the following inequalities:

1 1 1 \*
Zae ( _1) _ +e Y
(4.3) ) g&aeatiT < T Y ghttae< E!( ) .

ACInTIAl=t P l—gq

PROPOSITION 4.5. Letn, s > 0. For any integer & such that g5+~ < £(1 — q), we have

n & qs—n &
PV =) < g (1)

PROOF. This proof will be very straightforward using (4.3). Fix some £ respecting the
given conditions. If £ > n, the inequality holds as the left-hand side equals 0. Assume now
that £ < n. Using Proposition 4.4, we have

P(N(n,s)>§)= Z q(s—n)z+‘“@—+“( 1_[ (1_q")> Z gracal@=h)

E<l<n s+1—n+l<i<s AC[n]:|A|=¢L

Applying (4.3) along with the fact that (1 — ¢’) <1 when s + 1 —n 4 £ <i <, it follows
that
L(+1)

£ s—n \ £
44) P(N(s)=£)< Y q<sn>€+‘“§“l<L> -y 2 (‘1 )
£ <t<n 2\l —¢q
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To conclude the proof, we now show that the summands on the right are decreasing in £.
To see this, note that
qz(zéu) (qs_n )Z _ qe_'_s_n ) qw{” (qs_" >£1 3 qw{l) (qs_" >€1
2! 1—gq L—-—q) (L—-DI\1—-gq T (-D'\1—g¢q ’
the last inequality holding since the function £ — ‘17[ is decreasing and since we assumed

that g§ 57" < £(1 — ¢). Bounding all summands on the right-hand side of (4.4) by the ¢ = &
term, we obtain

§E+D

Mwazasm—&Hﬂgj(igfsgﬁXiif,

where the second inequality uses thatn — £ 4+ 1 <n and q% <1. O

PROPOSITION 4.6. Let n,s > 0. For any integer & such that g5t > £(1 — ¢q)?, we
have

2(1 — g)" 20 ¢™" ¢
P(N '
( (n,S)Sf)f ((S_l)+)!((s—n)+)!qz ((I—Q)z)

PROOF. The proof will be very similar to the previous one as we will first bound the
probability with a sum over £ and then consider the largest term. Fix some & respecting
the given condition. If £ < (n — s), then the inequality holds as the left-hand side equals O.
Assume now that & > (n — s) 4. First, by applying Proposition 4.4 along with (4.3), we obtain

P(N(n,s) <§)

. q<s—n>e+@( I (1_qi)) Y gTeeateD

4.5) (n—s)p<t<& s+l—ntl<i<s AC[n]:|A|=¢

< ) q("_")”@%<;>z< I1 (l—qi)>-

(n—s)4<€<§ 1—q s+1—n+L<i<s

Write § = min(s, Lﬁj) and use that 1 — ¢’ <1 and that 1 — ¢’ <i(1 — g), to obtain

; . §|(1 _ q)i—s+n—€
[T (-d)= JI ia-9= s—n+0)!

s+1—n+e<i<s s+1-n+L<i<§

1 1 s—n+4
< 9
T (s —=m)4)! (1 - q)

where the last inequality follows from the bounds (s —n + €)! > ((s —n)1)! and

—g)= ] ka-g]=<1.

1<k<§

Put this bound back into (4.5) to obtain

" Le+1 2t
(4.6) P(N(n,s) <§) < % Z l'q(s_n)gjL%( 1 ) '

S mm e l1—¢q
Looking for the largest term in the sum again, we note that
lq(s—n>e+@ ( 1 >2Z _ qs_n+e 5 1 q(s—n)(6—1)+m,;1> ( 1 )2(4—1)
¢ l—q/) —tl-g? " @E-D! -4 :
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and ¢* "¢ > £(1 — g)? for all £ < £ by using the assumption on £. This implies that we can
bound all terms in the sum in (4.6) from above by the ¢ = £ term, and obtain

(1-¢" 1 (s—n)sﬁ(%“)( 1 )ZS
(s —n)p)! &! ’

P(N(n,s) <&) <[E+1—(n—s)4] -
The desired bound follows by using that§ + 1 — (n — 5)+ <2& and ¢

%51. OJ

4.2. Bounds on M,ff . For the reminder of Section 4, we define
m=m(n)=min{€ >0:£4(1 —g,) +logl >n(l — g,)}.
Under the assumption that n(1 — g,) = w(y/Iogn), this definition implies that
4.7 w1 (m(n), gn) ~n(l — qn),

by using the asymptotic estimate for w1 (m(n), g,) from Proposition 2.5.
The goal of this section is to prove the following proposition.

PROPOSITION 4.7. Let (gn)n>0 be such that log(n(l — q,)) = O(J/logn) and n(1 —
qn) = w(/logn). For n > 0, let m =m(n) =min{{ > 0: €(1 — g,) + logl > n(1 — g,)}.
Then, for all (ay)n>0 such that o, = w(+/logn), we have

. On
nlgr()loP(|MnIf(n) —n|> - 6]n> =0.

PROOF. For the rest of the proof, we omit B and n from the notation. We also write
p = pn =1 — g,. By assumption, log(np) = O(y/logn), so p — 0 and also np2 — 0. We
will use these facts in the proof.

We prove the proposition by establishing upper and lower tail bounds for M,, separately.
For both bounds, we will use the following inequality obtained from the moment generating
function of M,, given in Proposition 1.11: for all € R such that ge’ < 1, we have

4.8) E[e'M]= T] (1+(e’—1)1 )fexp<(et—1) > ¥>

— gket — gket
I<k<m q-e lfkgml q-e

For the upper tail bound and for all 7 > 0 such that ge’ < 1, use Markov’s inequality and
(4.8) to obtain

IP’(Mm >n+ %) §exp<—t[n+ %] +('=1) > ¥)

_ gkt
1<k<m 1 q-e

Lett = —% logq, so that ¢’ = 1/,/g. Using that gke’ = qk_% < g%, it follows that
1 1 1 1
Y st T e
k k—1
lskgml_qet -4 kagml_q 1-Va

11
+—+—-—mm—1,9).
p p

From (4.7), we know that 1 (m — 1, ¢) = w1 (m, ¢) — 1‘_‘(1‘{,1 = np+ O(/Togn), since 1‘_‘[1‘{,1 <
1; this implies that

1 V1
S g =t o)
1 —g*e!

1<k<m p
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Moreover, since p =1—¢g — 0, we have t = %—I— O(pHande —1= §+ O (p?). Combining
this with the previous bound on the sum, we obtain

o 2)<on(§+002)or- 40402

p

= exp(—% + 0(a)>;

the last equality follows from the fact that np> — 0 and that « = w(y/Togn). This proves the
desired upper tail bound for M,,.
For the lower tail bound, using Markov’s inequality and (4.8) again, for all # > O we have

P(Mm <n-— %) Sexp(t[n — %i| + =1 > ;>

_ gkpo—t
1§k§m1 q-e

Let t = —loggq, so e~' = g. Arguing similarly to the proof of the upper tail, we see that

t=p+ O0(p? and e™" — 1 = —p. Moreover, by (4.7), it follows that

1 1 1 Jlogn
_— = = — 1, = 0 .
Z l_qke—t Z l—qk le(m+ 61) n+ ( p )

1<k<m 2<k<m+1

This gives us that

IP’(Mm <n-— %) < exp((p + O(pz))[n — % —n+ 0( )]) = exp(—a + o(a)),

which concludes the proof of the lower tail bound and the proposition. [J

—RE+1 . . .
4.3. Bounds on |TnB (1 mt )|.  With the results from the two previous sections, we now

have all the tools required to prove Proposition 4.1.

PROOF OF PROPOSITION 4.1. By using the distributional identity from Lemma 4.2, it
suffices to prove that

e_,Bn

lim IP’(

n—oo

<NB n—mn,MB —m(n)) < =1.
T = ( (n), My, ) ())_l—qn
We write p, = 1 — g, and note that p, — 0 as n — co. We now prove that the corresponding
upper and lower tail probabilities converge to 0 as n — oo:

UB ::P(NB*(n —m(n), Mnlf(n) —m(n)) > &) —0
Pn

and
_,Bn

LB::P(NB*(n—m(n),M,f(n) —m(n)) < ¢ ) — 0.

Pn
For the rest of the proof, & = («,),>0 refers to a sequence such that o, = w(4/logn) and
on = 0(By). In other words, we have +/logn < «, < B,. From now on, we omit n and the
superscript B and B* from the notation, since the random variables N = (N (n, 5)),.s>0 =
(NB* (1, 8))n,s>0 are independent of the random variables M = (M) >0 = (M,lj)mzo.

For the upper tail, divide the probability according to the values of M,, as follows:

UB=IP’<N(n—m,Mm—m)>E,Mm>n—g>
p p

—HP’(N(n—m,Mm—m)>E,Mmfn—g)
p p
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Applying Proposition 4.7, we know that the second term converges to 0. Recall now that
N (n, s) is decreasing in s. By independence of N and M, taking s = [n — %J =n-— f%}, it
follows that

4.9) IP’(N(n—m,Mm —m)> g,Mm >n— 3) 51P’<N(n—m,s—m) > é).

p p
Write § = ng. We now need to verify that g& 6= ~=1=m) < £(1 — ¢), so that Proposi-
tion 4.5 applies. For this, since & ~ % and (s —m) — (n —m) ~ —%, and using that o = o(8)

1

1 1
and that g» = (1 — p)?» — ¢~ -, we have

q§+(s—m)—(ﬂ—m) e~ (B—a)(1+0(1))

=(1 )—— =o0(1),
= (1+o0(1)) 5 o(1)

which proves that this ratio is less than 1 for n large enough. This means that we can indeed
apply Proposition 4.5 and obtain

_ s—n\§&
P(N(n—m,s—m)>é>§n mq%(q >
p §! p

= exp(log(n —m) —logé&! —}—5[% + (s — n)] logg —Slogp).

By the definition of & and s, we know that

—logé! —&logp = —&logé + O(logé) —logp ~ —§logp
and

2 2
5[% + (s —n)}logq ~ %logq ~ —ng ~ —%.

Since log(n — m) <logn = o(£B) and & log B = 0(£P), this implies that

IP’(N(n —m,s —m) > é) < exp(—(l + o(l))%) =o(1).
p
Plugging this result back into (4.9) proves the upper tail bound of the proposition.
For the lower tail bound, we similarly divide the probability to obtain

e h o
LB=]P’(N(n—m,Mm—m) < —,Mnfn—i——)
p p
e B o
(4.10) +]P’(N(n—m,Mm—m)<—,Mn>n+—>
P P

e_ﬂ
5[P’<N(n —m,s —m) < —) +o0(1),
p

where s = |n + %J =n-+ L%J. Write & = L%J. To verify that the requirement of Proposi-
tion 4.6 that g T ~01=m) > £(] — 4)? is satisfied, note that

gEHG—m—(i—m) e(IHo(1))(B—a)
5 =(l+o()) —— > o0,
&p P
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so is larger than 1 for n large enough. For such n, applying Proposition 4.6, we obtain

-8 n—s s—n\ &
P(N(n—m,s—m)<e—>§ 2p q§<q2 )
p (¢ = DpUs —n)p)! p
<2pn—s—2§
- (s —n)!

=2exp((n —s —2§)log p — log(s — n)!).
Using the definition of & and s, we know that

aloga

(n —s)logp —log(s —n)! = (n —s)log(p(s —n)) + O(s —n) ~ —

and

2¢P1 1
26log p ~ _ze “logn :0<_>.
P P

This implies that

-B
IP’(N(n —m,s —m) < e_) < 2exp<—(1 +0(1))aloga> =o(1),
p p

which proves the desired lower tail bound by plugging this result back into (4.10). This con-
cludes the proof of the proposition. [

4.4. Convergence in probability. We conclude this section with the proof of Proposi-
tion 1.13 and then Theorem 1.1. We start with two straightforward lemmas.

LEMMA 4.8. Let (qn)n>0 be such that log(n(1 — g,)) = O(logn) and n(1 — g,) =
w(/logn). Forn >0, let m =m(n) =min{f > 0:£(1 — g,) + logl > n(l — g,)}. Then we
have

B
Rm(n) 1
n(l—qn)

in probability as n — oo.

PROOF. By applying Lemma 2.4, and since clog(%) < 1 for all ¢ # 1, we have

B
Rm(n) P
n1(mn), gn)

Moreover, since n(1 — g,) = w(+/logn), by (4.7), we have that p1(m(n), g,) ~n(l — qy),
which proves the desired result. [

LEMMA 4.9. Letn>0and q € (0, 1). Then, for all integers d > 0 and £ > 0, we have

—d

_ log(1 — Pr(1 — g!Tng(1)]

T0 ()| = og(l — Py(l —g""=at" )
logg

where Py is distributed as a product of € independent UNIFORM([O, 1]), and is independent
—d
Of | Tn,q(17)].

d,
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PROOF. This is simply a restatement of the lower bound from Lemma 2.8, when applied

to the tree Tn,q(Td). By Proposition 1.5, Tn,q(Td) is Mallows tree once conditioned on its
size, so this application of Lemma 2.8 is indeed valid. [

The proof of Proposition 1.13 now follows from combining Lemmas 4.8 and 4.9 with
Proposition 4.1.

PROOF OF PROPOSITION 1.13.  Since 7, has the same distribution as T,,4, we can prove
the proposition by showing that

h(TnB (T\_n(l—Qn)J))) — (C* + O]P(l)) IOgn

In order to prove this asymptotic result, we will show that N = |TnB (Ttn(lfq"mﬂ satisfies
that N(1 — g,) = op(log N) and that log N = (1 + op(1)) logn. This will allow us to apply
Proposition 2.1 to conclude the proof. For the remainder of the proof, we drop the subscript
non g, and write m =m((n) =min{f > 0: €(1 — g) +logl >n(1 — g)}.

We start with the upper bound on the size of the tree. In the case where Rnli > |n(1—gq)l,
we have that

—|n(1— —RE —k k=
AN BT (T 01— )| <k < RBU U TB(1°0)
[n(1—q)]<k<RB

—RB — ——
cTPA* Ul n - <k<rREJU |  TP(0)
|n(1—q)|<k<RE

Moreover, this inclusion remains true when Rg < |n(l —gq)], since

TB(ILn(lfq)J) c TnB(TR,‘E)_

n

Overall, we obtain that
—n(1— —RE —k =
TEACON < |TEA) 4 (RE - [n( -9, + Y |TETD).
[n(1—q)|<k<RB

Lemma 4.8 tells us that R,ﬁ — [n(1 — g)] = op(logn). Moreover, by Lemma 1.10, we know

that the entries of the sequence (| T8 (Tkﬁ) k>0 are independent GEOMETRIC(1 — ¢g) random
variables, which gives us that

> |TB(T"6>|=OP(i°g’;).

In(1—q)|<k<RE B

_pB
Finally, by Proposition 4.1, we know that |TnB (1 R )| = 01p(11° f;

we obtain that
(- 1
-9

We focus now on bounding the size of the tree from below. Write E™ = {R,ﬁ > n(1—gq)]}
and E~ ={R8 < |n(1 —¢)]|}. Since on E*, we have

). Combining all those results,

_pB — _
TnB(lRm) c TnB(an(l q)J)’
it follows that

. 1— _RB
LAY g > (1B T g
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Moreover, by Proposition 4.1, we know that

3
—RB e—(logn)4
7] = (1 +op (D) ———.
-9
which implies that
(logn)3
B B e—(logn
|TnB(1Ln(1 q)J)|]]_E+ Z (1 +0P(1))ﬁ1E+
Using the fact that —log(1 — g) ~ logn, we obtain
(4.12) 15+ log|TET" ") > 154 (1 + 0p(1)) logn.

For the second part of the lower bound, letting D = [n(1 — ¢q)] — RE and applying
Lemma 4.9, we have that

—R,ﬁ
log(1 — Pp(1 — ¢/

Tln(1—¢)]
T, (1 Lg- >[ —D}]l -
| n( )| E- = Iqu E
Using the lower bound of Proposition 4.1, we obtain
o'
TR o—(logn)
log(1 — Pp(1 _qlTnB(1 ) log(1 — Pp(1 _q(1+0p(1)) 7))
1g- > 1p-
logg loggq
3
P e—(logn)Z
= (14 0p(1)) =2 .

I—gq
Recalling that Pp is a product of D independent uniforms, it is immediate that log Pp =
®p(D). Moreover, by Lemma 4.8, we know that D = |n(1 — ¢)| — R3 = op(logn). Com-
bining these results, we obtain that

1
- D)]lE = (qe"“’(log”) + 0p(10gn)>]1E =nl=orDq,_

1 log 7 (1)

| > 1 (1 +op(1)) logn.
Combined with (4.12), this implies that
(4.13) log| T2 T~ > (1 + 0p(1)) logn.
On the other hand, taking the logarithm in (4.11), we have that

log| T[T < (1 4 0p(1)) logn,
and combining this upper bound with (4.13), it follows that

log|T2 (TLn(l_q)J)\ = (14 op(1)) logn.
Plugging this back into (4.11) shows that

LT~ g) = op(log| 7,/ (1)),
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This bound implies that we can apply Proposition 2.1 to this subtree and obtain that
h(TnB (TL”(l_q)J)) — (C* + OP(I)) 10g|T”B (TLn(l—Q)J)| — (C* + O]P(l)) logn

Since TnB and T, , are identically distributed, this concludes the proof of the proposition. []
We conclude this section with the proof of Theorem 1.1.

PROOF OF THEOREM 1.1. Let us first assume that (g,),>0 is such that n(1 — g,) =
®(logn), and prove that

h(Ty.q,) =n(l —g,) + c*logn + op(logn).
Using Proposition 1.13 and the fact that
W(T,) 2 [n(1 = g) |+ (LT,
it follows that
h(Tn.q,) £ h(TE) > n(1 — g,) + c*logn + op(logn).

For the upper bound, recall the stochastic inequality from (1.3) and apply it with d =
[n(1 —=gn)]:

—k= —~[n(1—gn
h(Tpg) < [n(1 =g | + max{iug{h(TB(l 0)) -k} A(rEA" ),
>
Now, Proposition 1.13 tells us that

R(TB T N) = (¢ + op(1)) logn,

and from Proposition 1.12, we know that

sup{n(T8(1°0)) —k} < ¢* log(1 —lqn> + O]p( log(1 —lqn>)

k>0

Since log ﬁ ~ logn, it follows that
sup{n (T2 (1°0)) — k} < (c* + op(1)) logn,
k=0
and this proves that
h(Ty,q,) <n(1 —gn) +c*logn + op(logn).
This concludes the proof of the fact
h(Ty.q,) =n(1 — gn) + c*logn + op(logn)

whenever n(1 — g,) = ®(logn).
Now, in order to prove Theorem 1.1, let (g,),>0 be any sequence taking values in [0, 1].
By Proposition 2.7, it suffices to prove that

( h(Ty.q,) )
n(l —gqu) +c*logn /=1

converges in probability to 1. By considering subsequences if necessary, we can assume that
(gn)n>0 falls into one of the following regimes:

e n(l—g,) =0dogn).
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e n(1 —gq,) =w(logn).
e n(l —gy) =o0(ogn) and g, # 1 forall n > 0.
e g, =1foralln>0.

The case n(1 — g,) = ®(logn) was handled in the first part of the proof. The case n(1 —
qn) = w(logn) follows from Theorem 1.2. When n(1 — g,) = o(logn), the results follow
from Proposition 2.1, with the bounding sequence (y,),>0 in that proposition chosen so that
Jlogn v n(l — g,) < v, < logn. Finally, the case when ¢, = 1 for all n is simply that of
binary search trees, in which case the result was proved by Devroye [11]. This concludes the
proof of Theorem 1.1. [J

5. Distributional limits. In this last section, we prove Theorem 1.3 and Theorem 1.4.
The bulk of this section is devoted to proving the central limit theorem for the right depth
R3; this was stated as Proposition 1.14 above. We then prove the central limit theorem for
the height by combining this proposition with Proposition 1.15 and 1.12. We conclude this
section with the proof of Theorem 1.4.

5.1. Central limit theorem for the right depth. Before proving the central limit theorem
for h(T,,4,), we prove Proposition 1.14, which corresponds to a central limit theorem for the
right depth R

PROOF OF PROPOSITION 1.14. Let (gn)n>0 be such that ng, = w(1). We use the
Lindeberg—Feller theorem [15], Theorem 3.4.10, to prove this results.

First, using the characteristic of R? from Proposition 1.11, it follows that R can be seen
as an independent sum of Bernoulli random variables:

RB d Z X(n)
l<k<n
where X(") ~ BERNOULLI(1 ‘1”) Define now s =D l<k<n Var(X(")) and note that

1—gy, 1—gy,
s’%: Z |: qk_(l_qk> i|:M1(n7qn)_M2(ann)-

1<k<n - 4n qn

Using the results of Propositions 2.5 and 2.6, we have

sﬁ:n(l—qn)—i—log(n/\ ! )+O<\/Iog<n/\ ! ))—n(l—qn)z—i—O(l)
1 —qgy 1 —qn

=(1 +0(1))<n(1 — qn)qn +log<n A 1 _lq ))

Note that s,, is asymptotically equivalent to the denominator in the first convergence result
asserted by the proposition. Note also that the above asymptotic implies that s,, — oo.

Now fix £ > 0. Since the (X ,E")) 1<k<n are Bernoulli random variables, it is immediate that
1X" —E[X]| < 1, which implies that, for n large enough,

(n) _ (n) —
$2 Z [(Xs E[X, ]) {Ix™m— E[X“”]\>ssn}]_0‘

Sn l<k<n

This proves that Linderberg condition holds for (X ,E”))l <k=<n» from which it follows that

1
— ¥ (x" —E[x"]) <5 NORMAL(0, 1).

Sn l<k<n
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The first statement of the proposition follows since ) | _;<, E[X,((”)] = l<k<n %. As-
- - n
suming furthermore that n(1 — g,) = w(logn), the second statement becomes a consequence

of Propositions 2.5 and 2.6 since have that
3 E[X{] = 1 (1, ) = n(1 — ) +log((1 — g) ") +o(/n(1 = gn)an)
l1<k<n
and that s,% ~n(l —qgu)g,. U

5.2. Central limit theorem for the height of Mallows trees. Before proving Theorem 1.3,
we use results from previous sections to prove Proposition 1.15.

PROOF OF PROPOSITION 1.15. Let (g5)n>0 and m = m(n) be defined as in the statement
of the proposition. We want to prove that the sequence of random variables

RTEAHY) — c*logn
( Vlogn )n>z
is tight. In order to do so, we will prove that, for any sequence (y,),>0 such that y, =
w(y/logn), we have
—RE+1

5.1) P(|a(1,7 (1)) = c*logn| = yu) — 0.

Let (yn)n>0 be a sequence such that y, = w(y/logn), and assume without loss of generality
that y,, = o(logn).

Consider a sequence (B;),>0 such that g, = w(y/logn), and that 8, = o(y,); in other
words, /logn <« B, < y, < logn. By applying Proposition 4.1, we know that

_ —RB4+1
Pe P < |TBT (1 = gu) < Ba) — 1.

This implies that

P(n(T2 (1) = ¢ logn| = )

—RB4+1 _ —RB4+1
=P(n(TET"" ) = *logn| >y, | e P < |TET ") (1 = gn) < Bu) + o).

Recall that log(n(1 — g,)) = O(+/logn). Since /logn < B, K yn <K logn, this implies
that, for any sequence (s,)n>0 such that e P < sp(1 — gn) < B, we have logs, =logn +
O (B) ~ logn. It follows that

sn(1 = qn) < B = o(logsy,)
and that
Vn > Vn _
sn(1 —gy) VvV /logn = B,V 4/logn
This corresponds to the assumptions of Proposition 2.1, and we henceforth know that

w(l).

P(|h(Ty, q,) — c*logsu| > yn) —> 0.
Moreover, since logs, =logn + O(8,) =logn + o(yy), it follows that
P(|h(Ty, 4,) — c*logn| > y,) —> 0.

. . . “RE410 . o
Since, conditioned on having size s,, T,5 (1 mt ) is distributed as T, g4, , this implies that

—RB4+1 _ —RB41
P((TET" ) = c*logn| = yu | e P < |TET")|(1 = gu) < B) — O,

which proves that (5.1) holds, and concludes the proof of the proposition. [
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With the previous results, we can now prove Theorem 1.3.

PROOF OF THEOREM 1.3.  We will prove that, for all € R, we have

h(TE) —n(1 — gy) — c*log((1 — g,)~!
lim P( ( n ) —n( qn) — c*log(( qn)” ) El‘)zq)(l‘),
n—0o0 vl —gn)gn
where @ is the cumulative density function of the NORMAL(O0, 1) distribution. By considering
subsequences if necessary, we can assume either that n(1 — ¢g,) = a)(log2 n), or that n(1 —
gn) = O(log?n). We now fix ¢ € R and prove that (5.2) holds by dividing the proof into the

two previous cases.
Assume first that n(1 — ¢g,,) = a)(log2 n). Since ng, = w(1), this implies that

V(= qn)gn
log((1 = gn)™h)

Let (yn)n>0 be any sequence that converges to infinity such that y, = w(log((1 — qn)_l))

and y, = o(y/n(1 — gn)qn)), and define

E, = [W(T)  RE = ).

(5.2)

—> OQ.

Recall the upper bound from (1.2):

h(TB)—RE <1+ TBg{h(TB(TkG)) — kY.

Using this bound, we have
B (7ky
P(E,) <P(1+ max{h(7" (1'0)) ~ k} = 7)-

and the right-hand side converges to 0 when n — oo, thanks to Proposition 1.12 applied

with &, =y, — 1 — c*log((1 — q”)_l) — M,/log(1 — g,,)~1; this tends to infinite since y,, =
w(log((1 — gp)™"). It follows that

IP,(h(TnB) —n(d—qn) _ t) :P(h(TnB> —n(1 —gn)
vl —qu)gn  — Vn(l = gn)gn

To bound the right-hand side, on one hand, using that R < h(T,B), we have

B B
P(h(Tn ) —n(l —qp) <1 Ei) SP(RH —n(l—gqy) St),
(1 —gu)gn (1l —gu)gn

and by applying Proposition 1.14, the upper bound converges to ®(¢); we are using here
that \/n(1 — g,)g, = w(log((1 — qn)_l)), so the log((1 — qn)_l) term in the numerator of
Proposition 1.14 is asympotically negligible and can be dropped. On the other hand, by the
definition of E,,, we have h(TnB ) < Rf + y» on E;, and it follows that

(5.3)

<1, E,§> +o(1).

By _ _ B _ —
<h(Tn ) —n(l—gqy) <1 Eﬁ) ZIP’<R" + yn —n(l —qn) <1 Ef,)
n(l = qu)gn n(l —qn)gn
RE —n(1 -
ZIP)( n n( Qn) St_ Vn >—P(En)
vl —qn)gn Vil —qn)gn
. )/n . .
Since NI and P(E,) converge to 0, this lower bound also converges to ®(¢), again

thanks to Proposition 1.14. Combing the last two results with (5.3) and again using that
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log((1 — g)™") = o(/n(T = ¢u)qyn), it follows that
P(Wf) —n(l —gy) — c*log((1 —g,)™") - E)
:P(h(T,,B) —n(—qn) _
ViU =q)qn  ~
= (1) +o(1),

which concludes the proof of Theorem 1.3 in the case where n(1 — g,) = a)(log2 n).
Assume now that n(1 — ¢,) = O(log?n) and that n(1 — ¢,) = w(logn). Note that this

implies that log(n(1 — g,)) = O(loglogn) = O (+/logn) and then logn =log((1 — q,,)_l) +

O(Jlogn). Let m =m(n) =min{¢ > 0: £(1 — g,) + logl > n(1 — g,)} and (¥n)n>0 be

a sequence such that y, = w(y/logn) and y,, = o(y/n(1 — g,)qn), which is possible since
n(1 — gn)qn = w(logn). Define the event

Fy={|h(1,}) = RS — 1= c*log((1 — ga)™")| = yu}.
Using both bounds of (1.4), we have that
P(Fy,)
=P(h(TP) - RE — 1> c*log((1 —gn)™ ") + )
+P(R(TF) = RE — 1 <c*log((1 —gn)™") — )

1, E;) +o(1)

< P(max{sup{h(TB(T"ﬁ)) — k), h(TP (TR"€+1))} > c*log((1 — gn) ") + y,,)
k>0
FRR(TE IR < Flog((1 = g)™") = ).

_pB
By applying Proposition 1.15, which states that h(TnB(lR’"H)) = c*logn + Op(/logn),

and Proposition 1.12, which states that supkzo{h(TB(Tkﬁ)) —k} < c*logn + Op(/logn),
we obtain that P(F;) — 0.
Separating (5.2) according to F, and F as previously, we now obtain that

IP)(h(TnB) —n(l=gn) — " log((1 =) ™) _ ;)
vl —gu)gn
_ P(h(T”B) —n(1—g,) — c*log((1 —q,) ™"
vl —gu)gn
Note that, by definition of m, we have m(1 — g,) + logm =n(1 — g,) + O(1). Since n(1 —
qn) = w(logn), it follows that m ~ n and so logm = logn + O(1). This implies that m (1 —
qn) = w(logm) and that mq,, = (1), and by Proposition 1.14, we obtain
P(Rﬁ —m(1l = gn) —log(1 =g ™) _
vm(l = gn)qn

The previous identities also imply that m(1 — g,)g, ~ n(1 — ¢,)q, and, since log(n(1 —
gn)) = O(loglogn), that

m(l — gn) +1log((1 — gn) ™) =n(l — g,) + O(loglogn) = n(1 — g,) +o(\/n(1 — g,)qn).
It follows that

<t, F,;') +o(1).

t) — D(1).

(R,‘z—n(l—qn> 3

d(1).
N —t)_> ®
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Now, use the definition of F,, and the previous asymptotic result to obtain that, on one
hand

IP,(h(TnB) —n(l = gy) — c*log((1 — g)™") - F,f)
\/n(1 _Qn)Qn

B

fIP(Rn +1 _n(l _Qn)_yn Sl,F;)

Vn(l _Qn)Qn

B

§IP’<R” —n(l —qn) <i4 Yn—1 >
\/n(l - Qn)Qn V”(l - Qn)Qn

= ®(t) + o(1),

and on the other hand

B * —1
P(h(T" ) —n(l —gp) — c*log((1 —gn)™") <1 F;)
/n(l —qn)gn
B
ZP(RH +1-—n(l—qgp)+w SI,F;)
(L —qn)gn

RE —n(l1—qy) Va1 )
>P( A <t — ——— ) —P(F,
h <Vn(1_Qn)‘1n - n(l —gn)qn (Fn)
=d() +o(l).

This proves that

P(h(T”B) —n(l —gy) — c*log((1 —gn)™hH
v ”(1 - Qn)Qn

which concludes the proof of Theorem 1.3 in the second and last case. [

<1, F,f) — ®(1) +o(1),

5.3. Poisson fluctuations for the height. 'We conclude this section with the proof of The-
orem 1.4.

PROOF OF THEOREM 1.4. We will prove that, when ng, — A € [0, 00), then
n—1—h(T?) - Poisson(a).
Start by considering the event
Eq = (h(T?) > RE).
Since RE < h(TP), this means that E¢ = {RE = h(T,B)}. Now, for the height of the whole
tree to be larger than the right depth, there must be a nonempty left subtree 7,2 (Tkﬁ) for some
0 < k < RB. Moreover, if this nonempty left subtree is not 7,2 (TR’? 0)or TP (TR’? _16), then

its size has to be larger than 2. This implies that

_pB_ _pB_1_ —k—
E, {ITE@0)| = yu{Irf@* 0)|=1ju  |J {I72(T0)=2).
0<k<RE-2

Recall from Lemma 1.10 that the sizes of the trees (|TB(Tk6)|)k20 are all independent,
GEOMETRIC(1 —gj,) distributed random variable. Using that R® < n —1 and that T2 (Tkﬁ) -
T8 (Tkﬁ), this implies that

P(E,) < 2P(IT?(©0)| = 1) + (n = DP(IT? 0)] = 2) =2g, + (n — 2)g; = o(1).
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This proves that P(h(TnB) = R,f) =1—o0(1), when ng, = O(1). We will now prove that

n—1—RE 4, Porsson(),

by showing that the characteristic function of n — 1 — R,f converges to that of a POISSON(X)
random variable.
Since g, = o(1), we have that }:g’,ﬁ =1-—g¢g, +o0(gy) for all k > 2, where the small-o term

can be chosen to be independent of k. Consider now the characteristic function for R? from
Proposition 1.11 to obtain

. . . 1—
E[en(n—l—R}f)] _ itn=1) T (1 + (e —1) = Zz>
l<k=<n n
— eit(n—l)(l + (e—it . 1)(1 —qn +0(qn)))n—l

=1+ ("= 1+0(1))g,)" "

Since ng, — A, it follows that

E[eit(nflfRf)] N ex(eiz,l);

this concludes the proof of the theorem. [

6. Further questions. This paper studies Mallows trees and proved some of the prop-
erties of its height. However, several related questions remain open. We discuss some of the
possible further studies below:

e Between Theorem 1.3 and Theorem 1.4, we have a good understand of the distributional
limit of A(T;, 4,) when n(1 — g,)/logn — oc. Moreover, we know from the results of [13,
30] that when g;,, = 1, the central limit theorem does not hold anymore, and the variance
of the height is ®(1). This means that there exists a transition between the regime n(1 —
qn)/logn — oo and g, = 1 where the central limit theorem of Theorem 1.3 stops holding
and moves to a more concentrated process with finite variance. It is natural to ask where
this transition occurs; it is not clear to us whether the condition n(1 — g,)/logn — oo is
necessary in order for a Gaussian central limit theorem to hold, or what other distributional
limits are possible for sequences (g,),>0 With limsup,,_, ., n(1 — g,)/logn < oo.

e In this paper, we studied the height of 7}, 4, in large part by relating it to the length of the
rightmost path in 7}, 4, ; we did so by bounding from above the height of the left subtrees

—k~ C e . . .
T,,4,(170), for k > 0. The intrinsic properties of the left subtrees both for finite 7 and in the
n — oo limit, deserve further exploration in our view, and we next list a couple of specific
questions of interest.

We know that for any fixed ¢ € [0, 1] and k € N, the trees (Tn,q(Tkﬁ))nzo are stochas-

tically increasing in n. Moreover, working in the infinite b-model, we have TnB(q)(TkG) =

T8 (q)(Tkﬁ) for all n sufficiently large (recall that, by definition, T2 = lim,,_, o TnB(q)).
It would be interesting to understand this filling process, that is, to study the behaviour
of

Df@ =max{0 <k < R,f(‘p : TnB(‘J) (Tkﬁ) =T8@ (Tkﬁ)},

which corresponds to the depth until which all trees are filled, as both n and g vary, and
of

B —k—~
o _ 1T @T0)
Y o @)
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which corresponds to the proportion of the subtree 78¢ >(T"6) already present at time n;
here both ¢ and k may depend on n.

e Another direction of studies regarding the left subtrees is to consider the structure of
the tree 782 (0), especially as ¢ — 1. With the results from this paper, it is fairly
straightforward to verify that, in the case when ¢ — 1, the height of T2@ (0) is (¢* +
op(1))log(1/(1 — g)). It would be interesting to understand the lower order corrections
to this height. We expect the height of 72 (0) to have bounded variance as ¢ — 1, and
to converge in distribution after re-centering, at least along subsequences. It could also
be interesting to characterize the filling levels (as in [11]) or the total path length of this
tree.

e Corollary 1.9 says that T}, , is stochastically increasing in n when g is fixed. Computations
for small values of n suggest that T}, , is also stochastically decreasing in g. This would be
interesting if true and would also provide a useful comparison tool, which would simplify
some of the arguments of the current work (in particular Proposition 1.7, in which we
could simply chose m = n).

APPENDIX A: MOMENTS OF THE RIGHT DEPTH

In this Appendix, we prove Proposition 2.3 and deduce Fact 2.2 from it. Recall the defini-
tion of o from Section 2.1:

ta(n,g)= (f:ﬁi>%

l<k<n 4q

PROOF OF PROPOSITION 2.3. For 8 > 0, let eg be the elementary symmetric polyno-
mial,

eg(Xy, ..., xy) = Z l_[ Xk; s

{Iki#--#kp=<n} {1<i<p)

with the convention that eg(x1, ..., x,) = 1. By using that
[T A+x)= D eplxr,....xn)
1<k<n 0<B<n

along with the formula for the moment generating function of R from Proposition 1.11, it
follows that

B )= T (146 -0y =%)

1<k<n
l—gq l—gq
= Z (et_l)ﬂelg<1_ 2,...,1_ n)
0<p=n—1 q q

Pitman [28] shows that

which implies that

E[efRf?]zz( ) ﬂz{g}eﬁ(l;"z,...,l_q))i.

a>0 0<B<an(n—1)
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It follows that the moments of R,lf are given by

S R S e .

0<B<an(n—1) q I—q"

Now apply Newton’s identity [24] recursively to obtain that

—1)si
eﬁ(x1,...,xn)=(—1)/32 l_[ =1 <

N PR
sespl<i<p SiH

)3 xk>

1<k<n

Combining the last two identities, the proposition then follows from the definition of uy. U

From this proposition, or by direct computation using the moment generating function of
R3 from Proposition 1.11, we obtain that

E[RE] = ui(n,q)
and
E[(RZ)?] = w1 (1. @) + 11 (n. ¢)* — 2 (n. q).

which proves Fact 2.2.

APPENDIX B: ASYMPTOTICS OF g,

In this Appendix, we prove Proposition 2.5 and 2.6. Both these proofs will be based on the
following bounds for 1ty .

PROPOSITION B.1. Leta>1,n>1,and q € (0, 1). Then, for all m € [n], we have

1
ta(n,g)=m—m(1—q)*+ > &

l1<k<m

and

1 —g" 1— o 1
Ua(n,q) <n(l — C])a +am(1 _q)qum (1 _qmq)a-l—l + <ml(— q"cf)) Z ke

PROOEF. First, write

(B.1) Raln,g) = ) (11__qk>“+ 2 (11_—5]()“‘

1<k<m q m<k<n

For the lower bound use in the first sum that 1 — g% < k(1 — ¢) and in the second sum that
1-— qk < 1 to obtain

1 1
Ha(n,q)= Y T Y U-9*= ) k—a—l-(n—m)(l—q)"‘,

1<k<m m<k<n l<k<m

which is the desired bound.
For the upper bound, we start with the first term in (B.1). Define the function ¢ (x) =

—~ _ 5o that

T—e >
> (7o) = 2 (o) = & (krlggqcu"s(k'bgq'))a'

1<k<m 4q 1<k<m l1<k<m
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Note that ¢ is increasing, from which we deduce the following bound:
Z(I_Q)a< Z(l_q ¢( |1 |)>a
< m|loggq
_ gk
l1<k<m 1 4q l1<k<m kllogql
1—¢g o 1
- slmltogal)) Y 1
(llogql ( ) 1<,émk“
m(l —qg)\* 1
:( 1—gm ) 2 ke

l<k<m

which is the last term in the desired upper bound.

Consider now the second term of (B.1). Since k +— 11__—;1,{ is decreasing in k, we have 11__qqk <
1—

l1—q

9 fortm <k < (£ + 1)m, so

1—g\® —q \"
¥ (iZ5) = T (i)
l—qk l—qzm

m<k=<n
(e o]

1= (1—g"e
(I—gime

Now, rewrite and bound the last sum as follows:

2 (i) =00+

I<t<3

n(l—q)“ o
= ———+(0-9 >

I<e<n
to obtain that

l—q o n(l_q)a u 1_(1_q€m)a
Z (1 k> §m|: m +(1_Q) Z (l—qem)“ :|

m<k<n -9 1555%

1= (1—g"™°

:n(l—q)a-i-m(l—CI)a Z (l_qu)a

<<
1<t<2

Simplifying the sum on the right using that ﬁ < 1%[1,,1 when £ > 1, and that 1 — (1 —

g™ <a(l — (1 —q"™) = ag"™, we have

1 —q )ot O{qﬂm
> <n(l—g)*+m(1—q)* Y ———
k
m<k<n<1 —q e (1 —gmy

<n(l —q@)*+am(l —q)“*

(1—g")*1—q"
This corresponds to the first two terms in the desired upper bound and the proposition follows.
O

In order to apply the two bounds from this proposition, we now choose the right sequence
(mp)n>0 corresponding to (gn)n>0, so that the first terms in the asymptotic behaviour of

Ma(n, gn) correspond to n(1 — g,)* and 3| g <y, kLa

PROOF OF PROPOSITION 2.5. We want to prove that

ui(n, gn) =n(l —Cln)-l-log(n/\ l—lq,,) + 0(\/10g<n/\ l—lqn>>'
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First, in the case where (g, ),>0 converges to 0, since 1_1% =1+ O(q,]f) uniformly over &, it

follows from the definition of w(n, g,) that

i gn) = Y (1=g) (14 0(qy)) =n(l—ga) + O(qy).

l1<k<n

Since log(n A ﬁ) = —log(1 — qn) ~ qu, the desired asymptotic behaviour follows.

We assume now that (g, ),>0 is bounded away from 0. In this case, we prove the lower and
the upper bounds separately.

For the lower bound, define m,, = [n A ﬁ]. Using the lower bound in Proposition B.1
and since m, (1 — g,) < 1, we have

1
w1, gn) = (m—my)(1 —qy) + Z z =n(l —gqu) +logm, + O(1).

1<k<m,

This result is actually stronger than what we aim to prove, nevertheless the desired lower
bound follows.

1
For the upper bound, define m,, = LL"")J and note that, since g, is bounded away

log(nA ]an

from 0, we have m, (1 — g,) = O(1). Using the upper bound of Proposition B.1, we have

(1- QH)q;ln” I - 61,7 (I —gn)my Z 1

m1(n, qn) <n(l —g,) +my T Ty, My,
I —gn 1 —gn 1 —gn

l<k<m,

By studying the variations of the function ¢ : x (11—_xx)£’" , one can see that it is increasing

and smaller than % for x € [0, 1), and it follows that

1-— nin
n(l Qn)mqnn <1

—d4n

Moreover, since m, (1 — ¢q,) = O(1), we have
g = M loggn _ e—mn(l—qn)+0(mn(1—qn)2) =1—mu(1 —qn) + 0((mn(1 _ C]n))z),

and so
(1 —gnymy, _ my (1 —qp)
1—gp" mu (1 —gn) + O((my(1 — gy))?)

Combining the last results with the fact that } ) 4, % =logm, + O(1) and that 1 — g, <
1A (m(1 —gy)), we obtain

=1+ O(mn(l _Qn))-

LA —qn))
m) + (14 O(mn(1 — gn)))(logm, + O(1))

LA (n(1 —qy))
my (1 —gp)

wi(n, gp) <n(l —q,) + 0(
:n(l_Qn)+10gmn+0< )+0(mn(1—qn)logmn)+0(l).

The desired upper bound follows from this formula since m,, = LI?L‘”’IJ , which implies
og(nA

e =o(oe(n )

that
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1 1

—dq ) (1 ! ( A —{q >>,
1 n 1 n
m (1 n) 10 m,; = 0( 1 ( A 1 >)

n n ogin .

PROOF OF PROPOSITION 2.6. We use a similar technique, by proving an upper and a
lower bound separately, to show that

that

logm, = log(n A

and that

Mo, gn) =n(l —gn)" + () =1+ 0<<(1 —qn) Vv %)T{)

holds for all @ > 1.
Letm, =[n A 5 J Using the lower bound of Proposition B.1, we have

ta(n,qn) > (0 —mp) (1 —g)*+ Y

l1<k<m,

Since D r<m, kla =¢(a)—1+ 0( )a —-=1), we obtain

1
e ) = 11 = ) + @) = 1+ 0(ony (1= ") + 0 o)

a—1
and the lower bound now follows from the fact that m,, (1 — g,)% < = %a r < (min)m.

For the upper bound, let

1
mn={< : A n /\n“H)H]J.
1—g)? 1—gqy

This deﬁnition just encodes that there are three cases to study: ; # <n,n< # <n%, and

n% < W In all cases, we have 1 < m, <n. Applying the upper bound of Proposition B.1,
it follows that

(I_Qrt)aq;lnn 1—%7 + mn(l_Qn) « Z i
(I—gn")* 1—qn" L—gn" ke

n l<k<m,

(B.2) pa(n,gn) <n(l—gqn)* +amy,

e (1 —ge < 1.

(1—gp) el
It follows that 1 — g, = Q(m,,(1 — g,)), and since 1 — q, <1An(l —gq,), we have

On one hand, by the definition of m,, we have m, (1 — g,) <

(1 —gn)%gn" 1_q;; & in(] _ oY !
my (1_ mn)(x 1_ , OtMn(l_‘In) qn (1 qn) 0<(mn(1_qn))o{+l)
_o(lA ey
m% (1 —qy)

On the other hand, we claim that

(L}?”)Y:Hmmn(l —qn))-
1 —dqn 8
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This holds since if g, < 1 — /2 then m, = 1, and the claim simply asserts that 1 =1+ O (1 —
qn); and if g, is bounded away from zero then, using the fact that m, (1 — ¢g,) <1 again, we
have

(mn(l - Qn)>a _ ( my (1 —qy)
- %Tn my (1 —gp) + O((m, (1 — Qn)z))

We also know that } ; <, kia ={(x)—1+4+ O(ﬁ), which yields the following bound:

(%)“ ) kiaz(1+0(mn(1—qn)))<é“(“)—1+0< 031))

4n l<k<m, My

f=1+mwm—%»

1
=@ =140~y ) + 0(ma(1 ~ ).

n

Plugging these results back into (B.2), we obtain

Ha(n,gy) <n(l — Qn)a +¢(a) =1
+ 0(M) n 0( ! ) + O (ma(1— qn)).

my (1 —qn) ma~!

It thus suffices to show that

a—1

(B.3) 0<M> + O(ml ) + O0(mpy(1 —qn)) = 0(((1 —qn) vV %)ﬁ)

my (1 —g,) ol

We divide the proof into three cases according to the value of ¢,.

The first case is ﬁ < n. In this case, we have

n —

1 1
Mp = {42J = @(42)
(1 - Qn)”_"'l (1 - Qn)”_"'l

and (B.3) holds since

2a
S0 o C ) — (1 — i),

(my)*(1 — QH) B (1- Qn)
and
1 2(a=1) a-1
W = @((] — qn) oat1 ) = 0((1 — C]n)”‘+1),
and
1—¢ a=1
a1 = ) =0 —— ") = (1 - g ).
(I —gp)ot
The second case is n < ﬁ < n®. In this case, note that (1 — g,,) < % We also have

() el )
m, — = .
" 1—qn 1 —gqy

and (B.3) holds since

ey =0 ((52)") et —arin=o( ).
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and
a—1
1 1-— aF T 1 1
- ®(<< ) M) =0(—=) =0(—)
(ml’l)a n n o+l na_+1
and
1
n a1 e o 1
m, (1 —q,) = @(( ) (1- qn)> = O(neT (1 — gp)eiT) = 0( o )
1 —gn no+t
The third case is ﬁ > n%. In this case, we have m, = n and (B.3) holds since

In(n(l—qn) n _0( 1 )

(mu)*(1 — gqn) n* ni%: ’
and

1 1 1
= =0 ).
(mn)a 1 no—1 ngtm
and
1 1
mu(1 —gn) =n(l —qn) <n.—= 0( a1 >
n natl

This concludes the proof of the upper bound and of the proposition. [
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