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Abstract

Given n ∈N and µ ∈R, a µ-height-biased tree of size n is a random plane tree Tn with n vertices with law given
by P(Tn = t ) ∝ e−µh(t ), where t ranges over fixed plane trees with n vertices, and h(t ) is the height of t .

Fix a sequence (µn )n≥1 of real numbers, and for n ≥ 1 let Tn be a µ-height-biased tree of size n. In [19], the
authors describe the asymptotic behaviour of h(Tn ) when µn ≡µ ∈R is fixed. In this work, we extend their results
to arbitrary sequences of positive parameters depending on n. Most notably, we show that such a tree behaves
like a height-biased Continuum Random Tree (CRT) when µn is of order 1/

p
n; that its height is asymptotically

(2π2n/µn )1/3 when µn is of larger order than 1/
p

n and of smaller order than n; and that its height converges to a
fixed constant when µn is of order at least n, with some random jumps under specific conditions on µn .

We additionally prove various results on second order behaviours, and large deviation principles for the height,
for different regimes of µn . Finally, we describe new statistics of these trees, covering their widths, their root
degrees, and the local structure around their roots.
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1 Introduction

Trees have been at the heart of active research for many decades in combinatorics, probability, and theoretical
computer science. Driven in part by the mathematical analysis of algorithms, asymptotic methods from combina-
torics have been employed for the enumeration of different classes of trees. These results, being important in their
own right, have also been essential in defining various probability measures on the different tree ensembles, hence
for the probabilistic study of random tree models. A large class of random tree models is given by the so-called sim-
ply generated trees, introduced by Meir and Moon in [25]. These models offer a local picture by construction, in
the sense that the weight of a tree is proportional to the weight factor associated to each vertex depending on the
degree of the latter. A well studied sub-class of such trees is given by the genealogical trees of the Bienaymé pro-
cesses (also known as Galton–Watson processes). The local and scaling limits coming from different variants of
this model have been studied extensively and correspond to large universality classes [1, 20]. The uniform random
plane tree model, which undergirds the models studied in this work, turns out to be an instance of the Bienaymé
model with the offspring distribution being geometric of parameter 1

2 , and conditioned on the number of vertices.
In [19], the authors studied a random tree model with non-local weight factors where the height of the tree –

a global statistic – is the argument of the weight function: for n ∈ N and µ ∈ R, the random plane tree Tn with n
vertices with law given by P(Tn = Tn) ∝ e−µh(Tn ), where Tn ranges over fixed plane trees with n vertices, and h(Tn)
is the height of Tn . This model exhibits a phase transition at µ= 0 where the local limit passes from a single-spine
phase to a multi-spine one. The multi-spine tree, called the Poisson tree, obtained when µ > 0, does not fall into
a well-known universality class where we find the local limits of large Bienaymé trees. We note that the Poisson
tree can also be obtained by conditioning the uniform plane trees on their width growing as a prescribed sequence
with a certain growth-rate as a function of the size [2]. Hence, along with the interesting properties of this limiting
object, biasing by height turns out to be a rather "natural" way to obtain trees with rather unusual properties.

In this work, we extend the results of [19] to the case where µ=µn is a positive sequence that can depend on n.
Before presenting a wide range of results on different properties of these µ-height-biased trees, let us first set some
basic terminology regarding trees and introduce the model formally.

Notations and conventions for trees. All trees arising in this paper are finite. We consider rooted plane trees
which we also simply refer to as trees throughout the paper. Thus, the trees that we consider have a distinguished
vertex which we call the root of the tree, and for any vertex, there is a left-to-right ordering of its children. We write
tn for the set of rooted plane trees with n nodes. It is well-known (see e.g., [14, Chapter 1]) that |tn | =Cn−1 where
Cn is the n-th Catalan number:

Cn = 1

n +1

(
2n

n

)
. (1.1)
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For a tree T , we slightly abuse notation and also use T to denote its vertex set. For any tree T , the height or
depth of a vertex v ∈ T is its distance from the root, i.e., the number of edges on the unique path connecting v with
the root; we denote this quantity by h(v). Note that by definition the root has height zero. We also define its height
h(T ) of the tree T to be the largest depth of any of its nodes, i.e.,

h(T ) = max
{

h(v) : v ∈ T
}

.

For a tree T , and non-negative integer k, the k’th generation of T is the set of vertices at distance exactly k from
the root of T . We write Zk =Zk (T ) for the size of the k’th generation, and w(T ) for the width of T , which is defined
to be the size of the largest generation, i.e.,

w(T ) = max
{
Zk : k ≥ 0

}
. (1.2)

Model definition. The model of random trees introduced in [19] is defined as follows. For any n ∈ N and µ ∈ R,
let Tµn be the random element of tn with distribution given by

P
(
Tµn = T

)= e−µh(T )

Zµ
n

, (1.3)

where

Zµ
n = ∑

T∈tn

e−µh(T ) (1.4)

is a normalizing constant, referred to as the partition function. We refer to Tµn as a µ-height-biased tree of size n.
Throughout the paper, by ∅ we denote the root of the random tree Tn . When µ≡ 0 in (1.3), we obtain the uniform
measure, and we denote the corresponding uniform random tree of size n by Tn for the rest of this paper.

In [19], the authors studied local properties of this model when µ is a fixed real, not depending on n, and
observed three different asymptotic behaviours as n → ∞, depending on whether µ was equal to 0, positive, or
negative. The case µ= 0 is the usual uniform plane tree whose asymptotic local limit is Kesten’s tree associated to
the geometric offspring distribution of parameter 1/2, see [22], which we refer to as simply Kesten’s tree (KT) for
the rest of the paper. In the present work, our goal is to extend these results to consider the case where µ= µn> 0
can depend on n. Due to the large range of new behaviours arising from µn to depend on n, in this work we focus
on the case that µn > 0, and leave the case µn < 0 for future work.) For the rest of the paper, we usually remove the
subscript n from µ and the superscript µ from Tµn and Zµ

n , simply writing Tn and Zn , except when we need to make
the distinction between two distributions with different µ-parameters. After introducing some standard notation,
in the sections that follow, we state our main results.

Notation. We write xn ≍ yn , xn ≪ yn , xn ≫ yn , xn =O(yn), and xn =Ω(yn), respectively, to indicate that xn/yn is
bounded away from 0 and ∞, that xn/yn converges to 0, that xn/yn diverges to ∞, that xn/yn is bounded, and that
xn/yn is bounded away from 0. Sometimes it is convenient for us to write xn = o(yn) for xn ≪ yn . We also write
xn ∼ yn to say that xn/yn converges to 1. For xn and yn possibly random sequences, we write xn ≍P yn to indicate
that the ratio xn/yn is bounded in probability from above and below, i.e., for any ϵ > 0, one can obtain a K = K (ϵ)
so that P

(
K −1 ≤ |xn/yn | ≤ K

) ≥ 1− ϵ. For any function f : S → R for some set S, we denote ∥ f ∥ := sups∈S | f (s)| the
supremum value of f , possibly infinite. By Geo(p) we denote the law of a discrete random variable having the
geometric distribution with success parameter p.

1.1 Global properties in the Brownian regime

In this section, we state results on global properties of the tree Tn when µ=O(1/
p

n). Note that in this regime, we
are allowing µ< 0. This is the only section of the paper where we allow µ to take negative values. We term this the
Brownian regime due to the strong relation between our model in this regime and Brownian motions, in particular
through the Continuum Random Tree (CRT).

Our first result, on the scaling limit in the Brownian regime, establishes the convergence of the rescaled tree,
seen as a metric space, toward a height-biased CRT. For more precise definitions about the objects appearing
below, and the topology appearing in the statement of Theorem 1.1, we refer the reader to Section 2.
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Let e = (e(t ) : t ∈ [0,1]) be the standard Brownian excursion on [0,1]. Consider the random function eα = (eα(t ) :
t ∈ [0,1]) whose law ρα has Radon-Nikodým derivative with respect to the law ρ0 of e given by

dρα
dρ0

( f ) := e−α∥ f ∥∫
e−α∥g∥dρ0(g )

,

and where we write ∥g∥ := maxt∈[0,1] |g (t )| for any g ∈ C ([0,1],R), the set of all continuous functions from [0,1] to
R. Define (Tα,dα,σα) be the measured random continuum tree encoded by the function eα.

Theorem 1.1 (Scaling limit in the Brownian regime). Let µ = µn satisfy limn→∞µ
p

n = α ∈ R. Let Tn = Tµ be a µ-
height-biased tree of size n, let dn denote the graph distance on Tn with each edge having length 1, and let σn denote
the uniform measure on the vertices of Tn . Then(

Tn ,
dnp
2n

,σn

)
d−→ (

Tα,dα ,σα
)
,

where the convergence in distribution above is with respect to the Gromov-Hausdorff-Prokhorov (GHP) topology.

The proof of this theorem can be found in Section 3. Thus, the global geometry of the random tree Tn is com-
pletely described by appropriately tilting the measured continuum random tree encoded by e. We next comple-
ment the above scaling limit with a characterization of the width of the tree, as defined in (1.2), whose proof can
again be found in Section 3.

For the next result, let us introduce the random function Bα = (Bα(t ) : t ∈ [0,1]) ∈C ([0,1],R), whose law ξα has
Radon-Nikodým derivative with respect to the law ρ0 of e given by

dξα
dρ0

( f ) = e−α f̄∫
e−αḡ dρ0(g )

, (1.5)

where for f ∈C ([0,1],R) we use the notation

f̄ := 1

2

∫ 1

0

d t

f (t )
.

Remark 1.2 (On the process Bα being well-defined). In general, for a continuous function f , the integral
∫ 1

0
d s

f (s)
need not be well-defined, since there can be a positive measure subset of [0,1] where f vanishes. However, it is
classical that this does not happen a.s. for the Brownian excursion e (see, e.g., [11] and the references therein), so
that

∫ 1
0

d s
e(s) is well defined as a random variable. In particular, the law ρ0 of e is supported by the set of functions f

for which the integral
∫ 1

0
d s

f (s) makes sense. Thus, the change of measure that defines ξα makes sense and therefore
the process Bα is well-defined.

Theorem 1.3 (Width in the Brownian regime). Let µ=µn satisfy limn→∞µ
p

n =α ∈R. Let Tn be a µ-height-biased
tree of size n. Then the sequence (w(Tn))n≥1 satisfies

w(Tn)p
n

d−→∥Bα∥.

1.2 Global properties in the non-Brownian regime

The previous section identifies the global behavior of the tree Tn in the Brownian regime. We next complement
the previous results by providing results on global properties of the tree Tn in the non-Brownian regime, when
µ≫ 1/

p
n. To state the results concisely, it is useful to further subdivide the non-Brownian regime into two parts.

• When 1/
p

n ≪µ≪ n, we are in the intermediate regime.

• When µ=Ω(n), we are in the extreme regime.

We start by stating the results for the asymptotic behaviour of the height of Tn in the intermediate regime.

4



Theorem 1.4 (Asymptotic height in the intermediate regime). Let µ= µn be such that 1/
p

n ≪ µ≪ n. Let Tn be a
µ-height-biased tree of size n. Then

h(Tn)(
2π2n
µ

)1/3
P−→ 1.

The proof of Theorem 1.4 can be found in Section 4.1. Note that (2π2n/µ)1/3 ranges from being of order n1/2

when µ ≍ n−1/2, to being of order 1 when µ ≍ n. We now extend this result to include the fluctuations around
the height. As we present below, the fluctuations actually have a wide range of behaviour: from a standard central
limit theorem whenµ≪ n1/4, to a discrete central limit theorem whenµ≍ n1/4, and finally to Bernoulli fluctuations
when µ≫ n1/4, the latter behavior also extending into the extreme regime.

Theorem 1.5 (Gaussian fluctuations for the height). Letµ=µn be such that 1/
p

n ≪µ≪ n1/4. Let Tn be aµ-height-
biased tree of size n. Then

h(Tn)−
(

2π2n
µ

)1/3

√
1
3

(
2π2n
µ4

)1/3

d−→N (0,1) ,

where N (0,1) is a standard normal random variable.

The proof of Theorem 1.5 can be found in Section 4.2. Observe that when µ is of order n1/4, the denominator,
which corresponds to the standard deviation of the height, becomes of constant order. In that regime, the previous
result almost directly holds, except that the convergence cannot be towards a normal random variable, since h(Tn)
is an integer, but towards the integer equivalent of a normal random variable. To state this result, for any t ∈ (2,∞)
and x > 0 define the function

λx (t ) := xt + log
(
1+ tan2

(π
t

))
(1.6)

and let tx := argminλx (t ) be its minimizing argument. It is straightforward to check that λx is convex and thus
admits a unique minimizer. We refer the reader to Proposition C.1 in Appendix C for further properties of λx and
tx .

Theorem 1.6 (Discrete central limit theorem for the height). Let µ=µn satisfy limn→∞µ/n1/4 = γ> 0. Assume that
tµ/n −⌊

tµ/n
⌋

admits a limit δ ∈ [0,1]. Then the asymptotic of the height h(Tn) is given by

h(Tn)−⌊
tµ/n

⌋+2
d−→ Xγ,δ,

where Xγ,δ is an integer-valued random variable distributed as

P
(
Xγ,δ = k

)= 1

Cγ,δ
exp

(
−3

(
γ2

4π

)2/3 (
k −δ)2

)
, k ∈Z

with Cγ,δ being a normalizing constant corresponding to the sum over k ∈Z of the exponential term.

Remark 1.7. We remark that if µ/n1/4 is of constant order but does not admit a limit, or if tµ/n − ⌊
tµ/n

⌋
does not

admit a limit, the asymptotic distribution of h(Tn)−⌊
tµ/n

⌋+2 is still close to that of Xµ/n1/4,tµ/n−⌊tµ/n⌋, although we
do not obtain a distributional limit as stated in the last result.

The proof of Theorem 1.6 can be found in Section 4.2. We observe that, while the distribution of Xγ,δ strongly
resembles that of a normal distribution, since it replaces the integral by a sum, it is different from the distribution
of the integer part of a normal random variable.

After addressing the first order behavior of the height of Tn in Theorem 1.4 and its fluctuations in Theorem 1.5
and Theorem 1.6, the next result covers the probabilities of large deviations from the mean.
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Theorem 1.8 (Large deviations of the height). Let µ= µn be such that 1/
p

n ≪ µ≪ n. Let Tn be a µ-height-biased
tree of size n. Then the sequence of random variables (h(Tn)/(2π2n/µ)1/3)n≥1 satisfies a large deviation principle at
speed (µ2n)1/3 and with good rate function given by

Λ∗(x) =
{ (

π
2

)2/3 (x−1)2(2x+1)
x2 if x > 0

∞ otherwise.

The proof of Theorem 1.8 can be found in Section 4.2.2. With this last result on the height in the intermediate
regime, we next move on to other functionals of Tn . Our first result in this direction concerns the width of Tn , as
defined in (1.2). This result covers almost the entire intermediate regime, and extends beyond the intermediate
regime well into the extreme regime.

Theorem 1.9 (Width in the non-Brownian regime). Letµ=µn be such thatµ≫ (logn)3/2/
p

n. Let Tn be aµ-height-
biased tree of size n. Then for any ϵ> 0, we can find K = K (ϵ) > 0 large enough, such that

liminf
n→∞ P

(
K −1 ≤ w(Tn)

n ∧ (
(µn2)1/3

) ≤ K

)
≥ 1−ϵ .

The proof of Theorem 1.9 can be found in Section 5. Note that in the current version we do not characterize
the width behavior for the entire intermediate regime: namely, our result has a gap for the regime 1/

p
n ≪ µ =

O
(
(logn)3/2/

p
n

)
. In the last theorem, we only provide a tightness result on the scaled width. We conjecture a law

of large numbers for the width in the entire non-Brownian regime:

Conjecture 1.10 (LLN for the width in the non-Brownian regime). Let µ = µn be such that µ≫ 1/
p

n. Let Tn be a
µ-height-biased tree of size n. There exists a constant W > 0 such that as n →∞,

w(Tn)

n ∧ (
(µn2)1/3

) P−→W.

To prove Theorem 1.9, we employ a probabilistic technique involving a multiscale decomposition of the asso-
ciated random excursion of the tree Tn . More discussion on this technique and the proof of this result can be found
in Section 5.

Finally, we state our main result on the height of Tn in the extreme regime, also covering fluctuations when
µ≫ n1/4. Recall λx and tx from (1.6). For any x > 0 define mx = max{⌊tx⌋ ,3} and

δn =µ+n log

1+ tan2
(

π
⌈tµ/n⌉

)
1+ tan2

(
π

mµ/n

)
 . (1.7)

Theorem 1.11 (Height fluctuations beyond the Gaussian sub-regime). Let µ= µn be such that µ≫ n1/4 and such
that µ/n converges to some c ∈ [0,+∞]. Further, assume that δn admits a limit δ ∈ [−∞,∞]. Let Tn be a µ-height-
biased tree of size n. Then, h(Tn)−mµ/n+2 converges in distribution to a Bernoulli random variable with parameter

pc,δ =


mc tan2

(
π

mc+1

)
e−δ

(mc +1)tan2
(
π

mc

)
+mc tan2

(
π

mc+1

)
e−δ

if c > 0

e−δ

1+e−δ
otherwise .

Observe that, since mc diverges to ∞ when c converges to 0, the two formulas in the definition of pc,δ are
coherent with each other, although need to be split since the formula is not well-defined for mc =∞. The proof of
Theorem 1.11 can be found in Section 4.3. This theorem states that h(Tn) is asymptotically deterministic, except in
specific regimes for µ where it transitions from one value to another. This is to be expected, as the formula for the
variance of h(Tn) as found in Theorem 1.5 converges to 0 whenever µ≫ n1/4, and since h(Tn) takes integer values
and thus cannot change from one value to another without transition.
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Furthermore, we observe that pc,δ is equal to 0 when δ=∞ and to 1 when δ=−∞. This can be understood by
fixing the limiting value mµ/n = m̃ and letting µ approach the threshold

n log

(
1+ tan2

(
π

m̃+1

)
1+ tan2

(
π
m̃

) )
.

Indeed, when δ = −∞, meaning that µ is far below the threshold, then the height is less biased and thus higher,
leading to h(Tn) = m̃−1. Then, asµ approaches the threshold andδbecomes of constant order, it becomes possible
for h(Tn) to decrease by one level, from m̃ −1 to m̃ −2. Finally, when µ has long passed the threshold and δ=+∞,
the height-bias is too large and we have reduced the height by 1, leading to h(Tn) = m̃ −2.

Remark 1.12 (Dichotomy of the concentration of the height about its mean). We observe the following dichotomy
on the concentration behavior of the height about its mean. When µ = O(1/

p
n), the height has random fluctu-

ations at its highest order (Theorem 1.1), but also when µ = Ω(n) (Theorem 1.11); while in the middle regime of
1/
p

n ≪ µ≪ n, the height is more concentrated and satisfies a LLN (Theorem 1.4), where precise large-deviation
estimates can be given (Theorem 1.8).

Using that the height of a tree with more than 2 nodes cannot be less than 1, it is interesting to extract from
the previous result the regime in which h(Tn) is minimal, and so the tree is simply the star Sn with n −1 leaves, as
stated in the following corollary.

Corollary 1.13 (Observing a star). Let µ=µn be such that µ−n log2 admits a limit δ ∈R∪ {±∞}. Then as n →∞

P
(
h(Tn) = 1

)=P(
Tn = Sn

)−→ 4

4+e−δ
.

Remark 1.14. Observe that this result does not require µ≫ n1/4, or even µ≫ 1/
p

n. Indeed, when µ is sublinear,
i.e., µ≪ n, then δ = −∞, and in this case the corollary simply tells us that the probability of obtaining the star
graph is asymptotically 0.

Let us quickly give the proof of the last corollary.

Proof of Corollary 1.13. This is a direct consequence of Theorem 1.11 by observing that

log

(
1+ tan2

(
π
3

)
1+ tan2

(
π
4

))
= log

(
1+3

1+1

)
= log2.

Indeed, if mµ/n ̸= 3 and ⌈tµ/n⌉ ̸= 4, then this means that µ is lower than the possible threshold considered here,
leading to δ=−∞. Using the different results regarding the height of h(Tn) (Theorem 1.1, 1.4, or 1.11), we see that
Tn = Sn with probability 0 here, thus satisfying the claimed result. On the other hand, if mµ/n = 3 and ⌈tµ/n⌉ = 4,
then we can directly apply Theorem 1.11. Finally, if mµ/n = ⌈tµ/n⌉ = 3, then this means that tµ/n ≤ 3, in which case

µ

n
≥ 2π

9
tan

π

3
= 2π

33/2
> 1 > log2.

It follows that δ=+∞ and then Theorem 1.11 confirms that Tn = Sn with high probability.

Let us note that in the very special case when µ ≫ n, we have a positive answer to Conjecture 1.10 due to
Corollary 1.13. As δ=∞, we see a star with high probability, and thus w(Tn)/n → 1 in probability. This finishes all
the statements about global functionals in the non-Brownian regime. In the next section, we state results on local
properties of Tn .

1.3 Results on local properties

In this section, we state a dichotomy between two qualitatively different local behaviors around the root of the tree
Tn , depending on whether or not µ diverges to infinity. We name these regimes as,

• Local regime, when µ=O(1).
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• Condensation regime, where µ≫ 1.

For the next result, the relevant definitions for the topology can be found in Section 2.

Theorem 1.15 (Local limit in the local regime). Let µ = µn be a sequence admitting a limit α ∈ [0,∞). Let Tn be a
µ-height-biased tree of size n. If α> 0, then the random rooted tree (Tn ,∅) converges locally to the infinite Poisson
tree of parameter α as defined in [2]. Otherwise, if α= 0, equivalently µ= o(1), then the random rooted tree (Tn ,∅)
converges locally to Kesten’s tree as defined in [22].

The proof of Theorem 1.15 can be found in Section 6. We remark that the statement on the local limit when
µ = µn ≡ α > 0 is a constant sequence was already identified in [19, Theorem 4.3]. The above result additionally
extends to the case where µ≪ 1.

For any tree T , and any vertex v ∈ T , we denote by degT (v) the number of children of the vertex v in T , i.e.,
the number of neighbors of v in T not lying on the ancestral path of v to the root. When µ≫ 1, we observe a
condensation phenomenon at the root, i.e., its degree diverges.

Theorem 1.16 (Condensation at the root). Let µ = µn be such that 1 ≪ µ ≪ n1/4. Let Tn be a tree distributed
according to (1.3). Then the asymptotic behavior of the degree of the root ∅ in Tn is given by

degTn
(∅)−2µ√

6µ

d−→N (0,1) .

The proof of this theorem can be found in Section 6.2. This result shows that, in the non-local regime and up
to µ≪ n1/4, we observe a condensation phenomenon as the root degree starts diverging at scale µ, as opposed to
the local regime, where it is almost surely finite. We conjecture that the root degree satisfies a law of large numbers
when µ=Ω(n1/4).

Conjecture 1.17. Assume n ≫µ=Ω(n1/4). Then as n →∞, there is a constant C > 0 such that

degTn
(∅)

µ

P−→C .

The second order fluctuations of the root degree in the regime n ≫ µ=Ω(n1/4) appear to be more subtle, and
we do not have a conjecture at this point.

Remark 1.18 (Root degree whenµ=Ω(n)). Observe that Corollary 1.13 indirectly states that, wheneverµ−n log2 →
δ ∈ R∪ {±∞}, then P

(
degTn

(∅) = n −1
)= 4/(4+ e−δ). This suggests that there exists a regime for µ where the limit

(n −1)−degTn
(∅) is non-trivial. Moreover, and in order to connect the regime µ =Ω(n) with that of µ≪ n from

Conjecture 1.17, we also expect the existence of a regime for µ where (n−1)−degTn
(∅) diverges but degTn

(∅)/n is
non-trivial. At the moment, it is unclear to us where the exact change of behavior occurs and how they impact the
two types of limit (subtracting n and dividing by n).

Remark 1.19 (Comparison with the local results of [2]). As a result of Theorems 1.15 and 1.16, we observe the
following qualitative picture in the transition of the local behavior around the root. As µ increases, locally around
the root we begin with observing Kesten’s tree, until it reaches a threshold when µ→ α ∈ (0,∞), when the behav-
ior changes to that of the Poisson tree; beyond this threshold, we observe condensation at the root, in that its
degree diverges. A similar picture was also observed in a different context, in the paper [2]. There, the authors
consider Bienaymé trees conditoned on explicit generation sizes, thus penalizing the height indirectly, unlike the
direct exponential penalization of the measure (1.3) that we consider. This suggests that this qualitative transition
landscape is in a sense universal, and may emerge in other contexts.
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Regime µ=O(1/
p

n) 1/
p

n ≪µ≪ n µ=Ω(n)

Sub-regime µ=O(1/
p

n) 1/
p

n ≪µ≪ 1 µ≍ 1 1 ≪µ=O(n1/4) n1/4 ≪µ≪ n µ=Ω(n)

Height ≍P
p

n ∼ (2π2n/µ)1/3 ≍P 1

LDP speed for height NA ≍ (µ2n)1/3 NA

Width ≍P
p

n ≍ (µn2)1/3 (LLN conjectured) ≍ n

Local behavior Kesten’s tree Poisson tree Condensation

Root degree ≍P 1 ≍µ (conjectured for µ=Ω(n1/4)) ≍ n

Fluctuation of height ≍P
p

n ≍P (n/µ4)1/6 O(1)

Table 1: A summary of our different results together with Conjectures 1.17 and 1.10 depending on the regime of µ.

1.4 Related work and discussion

As has been mentioned before, the Poisson tree which is the local limit of the model in hand for µ > 0 constant
has first been obtained by conditioning the geometric Bienaymé trees on their generation sizes in [1]. The de-
composition of the local limit around a fixed finite tree found in [19, Theorem 4.4] shows that, conditioned on
the degree of the root being say M , one observes at least one and possibly more infinite subtrees emanating from
those M vertices at height 1, together with finite subtrees grafted on the rest. Each one of these infinite subtrees is
a height-biased tree on its own and they have a joint law. Tracing these infinite branches back to the stage where
n is large (and n →∞ limit has not yet been taken), we find the large branches of size ≍n1/3. We expect a similar
picture when 1 ≪ µ≪ n1/4: the degree of the root having mean 2µ, about half of which carrying large branches of
size ≍(n/µ)1/3, each one of them being a height-biased tree with some positive constant bias. Although we have a
number of heuristics that support this expectation, we have not rigorously investigated it in the present work.

In [9], a very similar problem in case of one-dimensional simple random walk has been treated where the walk
is penalized by its range R i.e. the weight of a walk of size n is proportional to exp(−µR). One again observes the
stretched exponential in the asymptotics of the partition function. The limit laws for the range as n →∞ resemble
closely to our results for the height and the windows of µ where different phases of the two models are observed
are the same.

It is worth mentioning that the results from [9] require µ≫ (logn)3/2/
p

n. This threshold is quite natural when

studying such models, as it arises when the leading term of the partition function, of order e(µ2n)1/3
, becomes of

the same order as any power of n or µ. To circumvent this issue, we end up relying on very precise asymptotics for
the number of trees of a given height. In particular, we refer the reader to Theorem B.1 where we provide the exact
asymptotic behaviour of the number of trees of size n and height < m:

Hn,m =
∣∣∣{T ∈ tn : h(t ) < m

}∣∣∣ . (1.8)

While the size of this set has been well-studied, with a closed form provided in [12], the best bound we could extract
from the literature only covered the first order logarithm limit of Hn,m (for example by applying the Mogul’skĭi
estimate [27]), which only provided results when µ≫ (logn)3/2/

p
n and not all the way to µ≫ 1/

p
n.

The height-biased model where the weight function is power-like, i.e., where the weight of a tree T of size n is
proportional to h(T )α forα real, has been studied in [18]. There, the bias turns out to be not strong enough to affect
the local limit even though the asymptotics of the partition function differ from the uniform case. The extension
of these results to the case where α=αn depends on the size of the tree, remains open.

Before concluding this section, we mention some existing models of biased/weighted random trees, even
though they exhibit different characteristics from ours. A well-known class of trees are the recursive trees (RT)
that are constructed by starting from a root of label 1 and joining new (labelled) vertices step by step. In [24], the
authors introduced depth-weighted random recursive trees where the probability of joining a new leaf to an existing
vertex is proportional to its depth in the tree. They also observe a change in the height of the tree when the weight
function is exponential in depth, whereas the order of the height does not differ from the uniform case when the
weight function is power-like, similar to phenomena we observe between [18] and [17]. More recently, [6] studies
recursive tree models where there is a preference for the new leaf to be joined towards more recently arrived ver-
tices, thus indirectly making the obtained trees taller than when there is no such preference (i.e. taller than the
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uniform random recursive tree (URRT) [28]). Indeed, the authors exhibit both logarithmic and polynomial height
regimes for such trees. In another recent work [29] the authors studied a model of random trees that interpolates
(in terms of the asymptotic form of the average path length, which is the sum of all distances to the root) between
uniformly random rooted labelled trees (a sub-class of the so-called simply generated trees [21]) and recursive trees.
There, an edge with the vertex closer to the root having label larger than the label of the other vertex it is adjacent
to is called a descent and the weight of a tree of size n is proportional to a given parameter q ∈ (0,1] to the power of
the number of descents; when q = 1, they recover the model of uniformly random labeled rooted trees.

Organization of the rest of the paper. In Section 2 we introduce some standard and useful notions related to
viewing trees as excursions. Then in Section 3 we provide the proofs of Theorems 1.8 and 1.3 for global properties
in the Brownian regime. In Section 4, we provide all the results related to the height of the tree in the non-Brownian
regimes, i.e., proofs of Theorems 1.4, 1.5, 1.6, 1.8, 1.9 and 1.11. In Section 6, we provide the proofs of results on local
behavior around the root, i.e., the proofs of Theorems 1.15 and 1.16. In Appendix A we prove a technical result on
functions of certain exponential form. We use this result first in Appendix B to derive properties of the numbers
Hn,m as defined in (1.8), and later in Appendices C, D and E, where we provide the explicit analysis that derives the
asymptotic behavior of the partition function as defined in (1.4).

2 Encoding trees with walks

In this section, we discuss encodings of random trees, using random walk excursions. These universal concepts
will aid us in proving the scaling limit result of Theorem 1.1, as well as the result on the width in the non-Brownian
regime, Theorem 1.3.

For any integer k > 0, let

W (k) :=
{(

wt : 0 ≤ t ≤ k
)

: w0 = 0 and
∣∣wt −wt+1

∣∣= 1 for 0 ≤ t ≤ k −1
}

be the set of walks starting at 0 of length k and step size 1. Let us further define

B(k)
x,y :=

{(
x +wt : 0 ≤ t ≤ k

)
: w ∈W (k), x +wk = y and

∣∣wt −wt+1
∣∣= 1 for 0 ≤ t ≤ k −1

}
for the set of bridges of length k and going from x to y , and

E (k) :=
{(

wt : 0 ≤ t ≤ k
)

: w ∈W (k), wk =−1, wt ≥ 0 for 0 ≤ t ≤ k −1 and
∣∣wt −wt+1

∣∣= 1 for 0 ≤ t ≤ k −1
}

for the set of excursions of length k. It is worth noting that the set of bridges is empty whenever k and y − x do not
have the same parity, which also means that the set of excursions is empty whenever k is not odd. In the case of
bridges, when x = 0 we simply denote it with B(k)

y . Since we will eventually be interested in scaling these objects
and taking their limit, we equivalently see walks, bridges and excursions as their sequence of integer values or as
continuous functions on [0,k] where we linearly interpolate between the values at integer arguments.

Definition 2.1 (Contours). For a plane tree T with n vertices, the contour walk (C (T )
t ;0 ≤ t ≤ 2n − 1) of T is an

element of E (2n−1), that traces the contour of the tree in the depth-first manner from left to right, starting at 0 and
finishing at 2n −1. We refer the reader to Figure 1 for a visual representation.

The set of all rooted plane trees of size n is in bijective correspondence with the set E (2n−1), with a tree simply
being mapped to its contour walk. For the random trees Tn or Tn , (recall Tn is the uniform tree, i.e., the random
tree with law (1.3) corresponding toµ≡ 0) the contours are random variables taking values in E (2n−1). In particular,
thanks to the bijection mentioned above, the contour (C (Tn )

t ;0 ≤ t ≤ 2n −1) of the random tree Tn , is a uniformly
random element of E (2n−1).

Remark 2.2 (Heights and maximums). It is worth mentioning that the height of a tree exactly corresponds to the
maximal value of its corresponding contour walk seen as a continuous function.

Sometimes we will translate events on bridges to events on excursions, and thus events on trees, which are a
bit easier to understand. For this, we will need the cycle lemma. The result is relatively standard, and we refer the
reader to [21, Lemma 15.3] for a proof.
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Figure 1: A representation of the bijection between a rooted plane tree with n nodes and its contour — an excursion
of length 2n − 1. Each step of the excursion is represented by an arrow, both on the walk and on the tree, and
corresponds to a single side of an edge (left or right). To highlight this relation, the nodes of the tree are shown at
the bottom of the walk in the order in which they would be encountered when contouring around the tree.

Lemma 2.3 (Cycle lemma). Fix n ≥ 1. There is a map φ : B(2n−1)
−1 → E (2n−1) from the set of all bridges starting 0 and

ending at −1, to the set of excursions, both of length 2n −1, such that φ is a (2n −1) to 1 map.

Bridges that start at 0 and end at −1 are called standard. Sometimes it will be important to work with standard
bridges. We will do this using the following result, that transforms general bridges starting at 0 to standard bridges
with a constraint.

Lemma 2.4 (Cut bijection lemma). Let n ≥ 1 and x ∈Z. There is a function φx that bijectively sends the set B(n)
x of

bridges from 0 to x onto

B̃(n)
x :=B(n)

−1{n is odd}
∩

{(
wt : 0 ≤ t ≤ n

)
: ∃t , wt = ⌊x/2⌋

}
of all bridges starting at 0, ending at −1 when n is odd or at 0 when n is even, and passing through ⌊x/2⌋.

Proof. We proceed by constructing such a function φx . Let w ∈ W (n) be a walk such that there exists t satisfying
wt = ⌊x/2⌋. For such a w , let τ be its time of last passage from ⌊x/2⌋, i.e.,

τ := sup
{

t ≥ 0 : wt =
⌊ x

2

⌋}
.

Then φx is the map such that φx (w) coincides with w on 0 ≤ t ≤ τ and is the reflection of w around the horizontal
axis y = ⌊x/2⌋ on τ ≤ t ≤ n. In other words, seeing a walk as a sequence of ±1 steps, w and φx (w) share the same
first τ steps and then have opposite steps. We refer to Figure 2 for a representation of this function, where the
original walk, in red and from the set B(n)

x , is transformed into its green reflection which belongs to B̃(n)
x .

As a first observation, for any w such that there exists t satisfying wt = ⌊x/2⌋, we see that the last hitting time
of ⌊x/2⌋ of w and φx (w) is the same. Indeed, wτ = ⌊x/2⌋ so we also have φx (w)τ = ⌊x/2⌋ and since the two walks
are the reflection of each other around y = ⌊x/2⌋ on (τ,n], each one intersects the axis if and only if the other one
does. This remark implies that φx ·φx (w) = w , meaning that φx is a symmetry.

Assume now that w is such that wn = x. In that case, we necessarily have some t such that wt = ⌊x/2⌋, so
φx (w) is well-defined. Since w and φx (w) coincide on [0,τ] and the steps of w from τ to n go from ⌊x/2⌋ to
x = ⌊x/2⌋+ (x −⌊x/2⌋), the steps of φx (w) from τ to n go from ⌊x/2⌋ to ⌊x/2⌋− (x −⌊x/2⌋) = 2⌊x/2⌋− x. Recalling
that x has to have the the same parity as n, we see that φx (w) indeed ends at 0 when n is even and at −1 when
n is odd. Conversely, if wn = −1n is odd and there exists t such that wt = ⌊x/2⌋, then φx (w) is a walk from 0 to
2⌊x/2⌋+1n is odd = x. This implies that φx sends B(n)

x into B̃(n)
x and vice-versa. Using that φx ·φx is the identity,

this proves that φx bijectively maps to the sets.
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Figure 2: In the above picture for an element w of B(n)
x , displayed as the red path, we apply the mapφx to reflect the

segment of the path w from the last passage τ at ⌊x/2⌋ to n with respect to y = ⌊x/2⌋ to obtain the green segment.
The image φx (w) is thus the concatenation of the red path up to time τ together with the green segment.

3 Proof of global results in the Brownian regime

In this section, we prove the scaling limit results in the Brownian regime, i.e., Theorems 1.1 and 1.3. We begin with
Section 3.1 discussing some relevant concepts, and then move on to the actual proofs.

3.1 Gromov-Hausdorff-Prokhorov convergence and real trees

For more details on what follows, we refer the reader to [20, Section 3]. Informally, one can think of real trees as
a connected collection of line segments in the plane with no loops. They can be constructed analogously to the
discrete case as follows. Let C ([0,1],R+) be the space of continuous functions from [0,1] into R+ equipped with the
topology of uniform convergence. Given a continuous function g such that g (0) = g (1) = 0, the construction of the
corresponding real tree is standard: for every s, t ∈ [0,1], set

dg (s, t ) = g (s)+ g (t )−2mg (s, t )

where
mg (s, t ) = inf

z∈[s∧t ,s∨t ]
g (z) .

Set Tg = [0,1]/∼ where s ∼ t if and only if dg (s, t ) = 0. Note that dg induces a distance on Tg , which we denote
by dg as well and is in fact a pseudo-metric. The canonical projection pg : [0,1] → Tg is continuous hence Tg is
compact. The compact metric space (Tg ,dg ) is then a real tree, which we view as a rooted real tree with the root
ρ = pg (0) = pg (1).

In order to make sense of the convergence of rooted discrete trees towards real trees, we introduce the Gromov-
Hausdorff-Prokhorov (GHP) distance on the set K of all isometry classes of rooted compact measured metric
spaces, where a rooted (also commonly referred to as pointed) metric space is a metric space with a distinguished
root.

Let (E ,d) be a metric space with its Borelσ−algebra B(E). The Hausdorff distance dH between two non-empty
subsets X ,Y of E is defined as

dH (X ,Y ) = inf
{
ε> 0 : X ⊂U ε(Y ) and Y ⊂U ε(X )

}
,

where U ε(X ) := {x ∈ E : d(x, X ) < ε}. Let (E1,ρ1,d1) and (E2,ρ2,d2) be two rooted compact metric spaces with
metrics d1 and d2 and with root ρ1 and ρ2, respectively. The Gromov-Hausdorff distance dG H between E1 and E2

is defined by

dG H (E1,E2) = inf
φ1,φ2

{
dH

(
φ1(E1),φ2(E2)

)∨d
(
φ1(ρ1),φ2(ρ2)

)}
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where the infimum is over all possible choices of metric spaces (E ,d) and the isometric embeddings φ1 : E1 → E
and φ2 : E2 → E of E1 and E2 into E . Denoting by P (E) the collection of all probability measures on (E ,B(E)), the
Prokhorov distance dP : P (E)×P (E) → [0,∞) between two Borel probability measures µ and ν on E is given by

dP (µ,ν) = inf
{
ε> 0 :µ(A) ≤ ν(

U ε(A)
)+ε and ν(A) ≤µ(

U ε(A)
)+ε, ∀A ∈B(E)

}
.

Finally, the GHP distance between (E1,ρ1,d1,µ1) and (E2,ρ2,d2,µ2), where µi is a probability measure on Ei for
i = 1,2, is given by

dG HP (E1,E2) = inf
{

dG H
(
φ1(E1),φ2(E2)

)∨dP
(
φ1∗µ1,φ2∗µ2

)}
where the infimum is again over all possible choices of metric spaces (E ,d) and the isometric embeddings φ1 :
E1 → E and φ2 : E2 → E of E1 and E2 into E and φ∗ stands for the pushforward measure. For more details on GH
and GHP distances and the topologies they induce, we refer the reader to [10, 26, 20].

Definition 3.1 (Brownian Continuum Random Tree). The Brownian Continuum Random Tree (BCRT in short) [4]
is the random real tree (Te,ρe,de,σe), where (e(t ) : 0 ≤ t ≤ 1) is the standard Brownian excursion, and σe is the
pushforward of the Lebesgue measure on [0,1] under the projection map of the quotient ∼.

For more discussion on this object and the Brownian excursion, we refer the reader to [15]. The conclusion of
Theorem 1.1 says that when µ = O(1/

p
n), the scaling limit of the tree Tn is obtained by appropriately tilting the

above defined BCRT.
Finally, let us state without proof two useful results that we will need in the proof of Theorem 1.1. The first one

is [20, Corollary 3.7]. Recall that, for any function f , ∥ f ∥ denotes its maximum value.

Proposition 3.2. Let Tg and Tg ′ be two real trees encoded by excursions g , g ′ : [0,1] →R+. Then

dG H (Tg ,Tg ′ ) ≤ 2
∥∥g − g ′∥∥.

The following proposition is [16, Proposition 4.14] adapted for our purposes.

Proposition 3.3. Let dT and dT ′ be two pseudo-metrics on [0,1] with T and T ′ induced real trees equipped with
the push-forward of the Lebesgue measure on [0,1]. Then

dG HP (T ,T ′) ≤ 3

2

∥∥dT −dT ′
∥∥ .

3.2 Scaling limit in the Brownian regime

In this section, we provide the proof of theorem 1.1. Recall the discussion on real trees and GHP convergence
from Section 3.1. In what follows, whenever the dominated convergence theorem is evoked, we implicitly use
Skorokhod’s embedding theorem (e.g., see [23]) to couple our random variables in a common probability space
and pass to almost sure convergence.

Proof of Theorem 1.1. Recall the definition of the contour of a tree from Definition 2.1. Let Tn be a uniformly
sampled tree, and let C(Tn ) be the rescaled contour walk of the tree Tn obtained by applying the Brownian scaling
on the original contour walk on [0,2n −1], i.e.

C(Tn )(t ) = 1p
n

C (Tn )((2n −1)t
)

for t ∈ [0,1], where C (Tn ) is the contour of Tn . Let us also denote the set of such rescaled contour walks of length
2n−1 by C (2n−1). We note that C (2n−1) is a finite subset of C ([0,1],R+) and further, since the association of trees to
their respective contours is bijective, we note that the law of C(Tn ) is uniform on C (2n−1).

Consider the contour walk C (Tn ) of the µ-height-biased tree Tn . Note that by the definition of the distribution
(1.3) and Remark 2.2, the law of C (Tn ), has a Radon-Nikodým derivative with respect to the law of C (Tn ), that is
proportional to the function exp(−µ∥ f ∥), on the space of all discrete contours of length 2n −1. As a consequence,
the contour C(Tn ) obtained after applying Brownian scaling on C (Tn ), i.e.,

C(Tn )(t ) = 1p
n

C (Tn )((2n −1)t )
)
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for t ∈ [0,1], has a Radon-Nikodým derivative with respect to the rescaled uniform contour C(Tn ), that is propor-
tional to exp(−µpn∥ f ∥). Since the law of C(Tn )(t ) is uniform on C (2n−1), this is equivalent to simply saying that

P
(
C(Tn ) =C)∝ exp

(
−µpn

∥∥C∥∥)
over all C ∈ C (2n−1). These observations at hand, let us first show that C(Tn ) converges in distribution to eα in the
supremum norm topology, eα is the tilted Brownian excursion as defined right before Theorem 1.1. Endowing
C ([0,1],R+) with the supremum topology, by the Portmanteau theorem (see [23]), it is sufficient to show that for
any continuous bounded functionΛ : C ([0,1],R+) →R,

E
[
Λ

(
C(Tn ))]= E

[
Λ(C(Tn ))e−µ

p
n

∥∥C(Tn )
∥∥]

E
[

e−µ
p

n∥C(Tn )∥] −→ E [Λ(eα)] .

It is standard that, in the uniform case, we have convergence of contours C(Tn ) towards the standard Brownian
excursion (e(t ))t∈[0,1] on [0,1], see e.g., [4]. Since ∥C(Tn )∥ admits sub-Gaussian tails by [3, Theorem 1.2], we can
deduce that exp(−µpn∥C(Tn )∥) is uniformly integrable. Together with the boundedness ofΛ this implies that

E
[
Λ(C(Tn ))e−µ

p
n

∥∥C(Tn )
∥∥]

E
[

e−µ
p

n∥C(Tn )∥] −→ E
[
Λ(e)e−α∥e∥]
E
[
e−α∥e∥]

which itself implies that
E
[
Λ

(
C(Tn ))]−→ E

[
Λ(eα)

]
where the law ρα of eα satisfies

dρα
dρ0

( f ) = e−α∥ f ∥∫
e−α∥g∥dρ0(g )

,

with ρ0 denoting the law of e. In particular,C(Tn ) converges in the topology of uniform convergence to eα. Together
with Proposition 3.2, the convergence of C(Tn ) to eα implies the convergence in distribution of the corresponding
real tree T µ

n to the continuum tree Tα encoded by eα, in the Gromov-Hausdorff sense. Let us now discuss how to
get the improvement to the Gromov-Hausdorff-Prokhorov (GHP) sense of convergence.

For this improvement, let us first obtain some bounds in the deterministic setting. Fix some tree Tn of size
n with the standard graph distance dg r and consider the corresponding real tree Tn generated by its contour
function with the distance function dTn assigning unit length to every edge. The discrete tree can be embedded
in the real one isometrically: see for example [16, Example 4.9] for this standard construction. Further, denote
by aTn the real tree with distances scaled by a. Below, we will compute the Prokhorov distance between certain
measures defined on aTn . When we say the push-forward of some measure originally defined on the discrete tree
Tn , it is by the composition of these two maps to the real tree aTn .

Given Tn , recall that we write degTn
(v) for the degree of the vertex v ∈ Tn . The degree-biased measure σ∗

Tn
on

Tn is the measure defined on the vertex set V (Tn) of Tn satisfying

σ∗
Tn

(v) = degTn
(v)∑

v∈Tn

degTn
(v)

= degTn
(v)

2(n −1)
.

First, we bound the Prokhorov distance dProk(LebTn ,σ∗
Tn

) between the push-forward of the degree-biased mea-
sure σ∗

Tn
viewed as a measure on aTn and the push-forward of Lebesgue measure LebTn from [0,1] to aTn . For

this purpose, first note that 2(n−1) is two times the number of edges of Tn . As each edge in the tree Tn corresponds
to one up and one down step in the corresponding contour C(Tn ), we will call the set of points in the real tree Tn

(equivalently in its rescaled version) induced by those two steps an edge as well. Hence the measure Leb∗
Tn

assigns
mass 1/(n −1) to each edge of aTn .

For a metric space (E ′,d ′) and U ⊂ E ′, recall the ε neighborhood of U is defined as U ε = {x : d ′(x,U ) < ε}. It
follows that for all U ⊂ aTn , LebTn (U ) ≤σ∗

Tn
(U

a
2 )+ a

2 with the same inequality valid for Leb∗
Tn

↔σ∗
Tn

. Hence
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dProk(Leb∗
Tn

,σ∗
Tn

) ≤ a

2
. (3.1)

In a second step, we compare σ∗
Tn

with the push-forward of the uniform measure on Tn to aTn which we denote
by σTn . Note that both the uniform and size-biased measures defined on Tn are supported on the vertices and
denote the image of the vertex set V (Tn) of Tn in aTn under the aforementioned canonical embedding by V (aTn).
Fix any subset S ⊂ V (aTn) and set S+ := {v ∈ V (aTn) : d(v,S) ≤ a}. Writing e(S) for the set of edges having at least
one end-point in S, one has e(S) ≥ |S|−1, which can easily be seen by counting the edge that connects every v ∈ S
to its ancestor, except possibly the root. Defining the degree degTn

(v) of a vertex v ∈ V (aT ) as the degree of its
pre-image in the discrete tree Tn we have

σ∗
Tn

(S+) = ∑
v∈S+

σ∗
Tn

(v) =

∑
v∈S+

degTn
(v)

2(n −1)
≥ 2|e(S)|

2(n −1)
≥ |S|−1

n
=σTn (S)− 1

n

Note that S+ contains the same vertices as the (1+δ)a-neighborhood of S for some δ < 1 small. Hence the last
inequality implies

σTn (S) ≤σ∗
Tn

(
S(1+δ)a)+ 1

n
.

Then for (1+δ)a ≥ 1/n, we have
σTn (S) ≤σ∗

Tn

(
S(1+δ)a)+ (1+δ)a

and for (1+δ)a < 1/n, we have

σ∗
Tn

(
S(1+δ)a)≤σ∗(

S1/n) =⇒ σ∗
Tn

(S) ≤σ∗
Tn

(
S1/n)+ 1

n
.

Furthermore, σ∗
Tn

(S) ≤σTn (S(1+δ)a) trivially holds. Hence we conclude that

dProk
(
σ∗

Tn
,σTn

)≤ max

(
(1+δ)a,

1

n

)
. (3.2)

It now follows by an application of triangle inequality to (3.1) and (3.2) that

dProk
(
Leb∗

Tn
,σTn

)≤ a

2
+max

(
(1+δ)a,

1

n

)
. (3.3)

Finally, using Proposition 3.3, we have for any sequence Tn →T ,

dProk
(
Leb∗

Tn
,Leb∗

T

)≤ dG HP
(
Tn ,T

)≤ 3

2

∥∥dC (Tn ) −dC (T )

∥∥≤ 6
∥∥∥C (Tn ) −C (T )

∥∥∥ . (3.4)

Together with the GH convergence, (3.3) with a chosen to be 1/
p

n and (3.4) imply that(
T µ

n ,
dT µ

np
n

,σT µ
n

)
d−→(Tα,dα,σα)

as n →∞ in the GHP topology. Finally, using the canonical embedding of the discrete tree Tn into its correspond-
ing real tree Tn one has

dG HP

((
Tn ,

dg rp
n

,σn

)
,

(
Tn ,

dTnp
n

,σTn

))
≤ 1p

n
.

Taking Tn = Tn and Tn =T µ
n in the above display, the last two displays together imply the desired convergence in

the statement of the theorem and conclude the proof.
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3.3 Scaling limit of the width in the Brownian regime

In this section, we prove Theorem 1.3. Recall for any function f we denote its supremum value by ∥ f ∥. The key
result is that if we consider the uniform plane tree Tn on n vertices, and denote the corresponding height by Hn

and width by Wn , then one has the joint convergence (see e.g., [15, Corollary 2.5.1])(
Hnp

n
,

Wnp
n

)
d→

(
∥e∥,

1

2
∥ℓ∥

)
, (3.5)

where (ℓ(x) : x ≥ 0) is the local-time process of the standard Brownian excursion (e(t ) : 0 ≤ t ≤ 1), defined by∫ a

0
ℓ(x)d x =

∫ 1

0
1[0,a]

(
e(s)

)
d s, (3.6)

for any a > 0.

Proof of Theorem 1.3. Assume that µ
p

n → α ∈ R, and note that by the definition of our measure (1.3), for any
bounded continuous function F :R→R, one has

E

[
F

(
w(Tn)p

n

)]
=
E
[

F
(

Wnp
n

)
exp

(
−µpn Hnp

n

)]
E
[

exp
(
−µpn Hnp

n

)] .

Observe that as n →∞, if µ ≥ 0, using (3.5) we immediately obtain as a consequence of dominated convergence
theorem that

E

[
F

(
w(Tn)p

n

)]
→ E

[
F

( 1
2∥ℓ∥

)
exp(−α∥e∥)

]
E
[
exp(−α∥e∥)

] . (3.7)

A uniform integrability argument similar to the one used in the proof of Theorem 1.1 gives also the same conclusion
for µ< 0 satisfying µ

p
n →α ∈ [0,∞).

Recall the well known identity of Jeulin, (see e.g., [11, Eq. (2.8)])(
2∥e∥,

1

2
∥ℓ∥

)
d=

(∫ 1

0

d s

ẽ(s)
,∥ẽ∥

)
, (3.8)

where (ẽ(s) : 0 ≤ 1 ≤ 1) is distributed as another standard Brownian excursion.
Using the above, recalling the definition of Bα from the statement of Theorem 1.3, the RHS of (3.7) can be also

written as,

E
[

F (∥ẽ∥)exp
(
−α

2

∫ 1
0

d s
ẽ(s)

)]
E
[

exp
(
−α

2

∫ 1
0

d s
ẽ(s)

)] = E
[

F
(∥Bα∥

)]
,

as claimed, where we recall the definition of the process Bα with law ξα from (1.5).

Remark 3.4 (Local times of max tilted excursions). It is in fact possible to interpret the RHS of (3.7) as the maximum
‘local time’ of a random excursion on [0,1]. Namely, consider the random excursion (eα(t ) : 0 ≤ t ≤ 1) with law
ρα from Theorem 1.1, and recall that it has a Radon-Nikodým derivative with respect to the standard Brownian
excursion given by

f 7→ e−α∥ f ∥∫
e−α∥g∥dρ0(g )

,

for any f ∈ C [0,1], where ρ0 denotes the law of a standard Brownian excursion (e(t ) : 0 ≤ t ≤ 1). Consider the
local time process (ℓ(x); x ≥ 0) of e(t ) as defined in (3.6). We aim to define an analogous process (ℓα(x) : x ≥ 0)
for the random excursion eα. Observe that for any 0 < x1 < x2 < ·· · < xm , one can define the finite dimensional
distributions as,

P
(
ℓα(xi ) ∈ Bi ,1 ≤ i ≤ m

)
:= E

[
1{ℓ(xi )∈Bi ,1≤i≤m}e

−α∥e∥]
E
[
e−α∥e∥] ,

16



where the Bi are arbitrary Borel subsets of R. The Kolmogorov consistency theorem, and the existence of the
process (ℓ(x) : x ≥ 0) for the standard Brownian excursion (e(t ) : 0 ≤ t ≤ 1) then guarantees the existence of a
unique process (ℓα(x) : x ≥ 0) with finite dimensional distributions as given in the last display. Furthermore, the
identity

∫ a
0 ℓ(x)d x = ∫ 1

0 1[0,a](e(s))d s implies a similar identity,∫ a

0
ℓα(x)d x =

∫ 1

0
1[0,a]

(
eα(s)

)
d s,

which means we can indeed interpret the RHS of (3.7) as the maximum local time of the random excursion (eα(t ) :
0 ≤ t ≤ 1).

4 The partition function, and asymptotics of the height in the non-Brownian
regime

In this section we prove all the results regarding the behaviour of the height in the non-Brownian regime, i.e.,
µ≫ 1/

p
n. These comprise the Theorems 1.4, 1.5, 1.6, 1.8, and 1.11. The main ingredient for all these proofs is

the following detailed result characterizing the asymptotic behaviour of the partition function as defined in (1.4).
Recall the function λx (t ) = xt + log(1+ tan2(π/t )) and its unique minimizer tx from (1.6).

Theorem 4.1. Let µ=µn be such that µ≫ 1/
p

n. Then the partition function Zn as defined in (1.4) behaves accord-
ing to the following regimes.

(1) If 1/
p

n ≪µ≪ n1/4, we have

Zn = (
1+o(1)

)
4neµ(eµ−1)

π5/6

21/331/2

µ1/3

n5/6
exp

(
−3

(
π2µ2n

4

)1/3)
.

(2) If (log3/2 n)/
p

n ≪µ≪ n, we have

Zn = (
1+o(1)

)
4neµ(eµ−1)

µ

2n
e−nλµ/n (tµ/n )

∑
m∈Z

exp

(
−

(
3

2
+o(1)

)(
µ4

2π2n

)1/3

(m − tµ/n)2

)
.

(3) If n1/4 ≪µ, we have

Zn = (
1+o(1)

)
4ne2µ

⌈tµ/n⌉∑
m=max{⌊tµ/n⌋,3}

tan2
(
π
m

)
m

e−nλµ/n (m) .

Remark 4.2. Some of the regimes from Theorem 4.1 overlap, but it can be easily verified that the formulas are
coherent with each other. More precisely, the first two agree thanks to properties of Riemann’s sum and the last
two are directly compared in the proof of Proposition E.2.

Proof. All of these results are covered in the different sections of the appendix. First of all, Lemma B.2 states that

Zn = (
1+o(1)

)
4neµ(eµ−1)Wn

where Wn is defined in (B.3). Now, the three regimes directly follow from Theorem D.1, Proposition E.1, and Propo-
sition E.2 respectively.

We now use this theorem to prove the asymptotic behaviour of the height of the trees as covered in Theo-
rem 1.4, 1.5, 1.6, 1.8, and 1.11, respectively in Section 4.1, 4.2, 4.2, 4.2, and 4.3. Before doing, it is worth highlighting
the results from Proposition C.1 regarding λx and tx which are repeatedly used throughout this section. In partic-
ular, whenever µ≪ n, the proposition states that

tµ/n =
(

2π2n

µ

)1/3

+o(1)

and that

nλµ/n(tµ/n) = 3

(
π2µ2n

n

)1/3

+O

((
µ4

n

)1/3)
.
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4.1 First order behaviour

This section focuses on proving Theorem 1.4 and provides a first and straightforward application of Theorem 4.1.

Proof of Theorem 1.4. To prove this result, we simply apply a Chernoff bound (or, exponential Markov inequality)
with the formula for the partition function from Theorem 4.1. In fact, we do not exactly prove the convergence
stated in the theorem, but rather that

h(Tn)

tµ/n
−→ 1,

where tµ/n is the minimum of λµ/n as defined in (1.6). Note that tµ/n behaves as (2π2n/µ)1/3 thanks to Proposi-
tion C.1 (1). We start by fixing ϵ> 0 and proving that

P

(
h(Tn)

tµ/n
≥ 1+ϵ

)
−→ 0

for all considered regimes of µ. Observe that, for any (fixed) γ ∈ (0,1), by a Chernoff bound we have

P

(
h(Tn)

tµ/n
≥ 1+ϵ

)
≤ E

[
eγµh(Tn )

]
e−γ(1+ϵ)µtµ/n = e−γ(1+ϵ)µtµ/n Z (1−γ)µ

n

Zµ
n

.

Thus, if 1/
p

n ≪µ≪ n1/4, Theorem 4.1 (1) tells us that

P

(
h(Tn)

tµ/n
≥ 1+ϵ

)
∼ e−γ(1+ϵ)µtµ/n e−γµ

e(1−γ)µ−1

eµ−1

(
1−γ)1/3 exp

(
3

(
π2µ2n

4

)1/3

−3

(
π2(1−γ)2µ2n)

4

)1/3)
.

Further use Proposition C.1 (1) to see that

µtµ/n = 2

(
π2µ2n

4

)1/3

+o(1) ,

so that the previous bound can transform into

P

(
h(Tn)

tn
≥ 1+ϵ

)
≤ (

1+o(1)
)

exp

(
−

[
3(1−γ)2/3 +2γ(1+ϵ)−3

](
π2µ2n

4

)1/3)
. (4.1)

Using that ϵ is fixed and that, for γ small enough, we have[
3(1−γ)2/3 +2γ(1+ϵ)−3

]
∼ 2ϵγ> 0,

we can find some γ> 0 such that the right-hand side converges to 0, thus proving the upper bound when 1/
p

n ≪
µ≪ n1/4. Using the same method when µ≍ n1/4 but with Theorem 4.1 (2) and observing that the sum appearing
in the formula of Zn is of order 1, we again obtain the bound (4.1). This leads to the same conclusion as for the
case µ≪ n1/4. Finally, for the case µ≫ n1/4, observe again that the same method but applied with Theorem 4.1 (3)
works, thanks to the fact that (µ4/n)1/3 ≪ (µ2n)1/3.

To conclude the proof of the theorem, note that a Chernoff bound applied to the lower tail of the height also
leads to

P

(
h(Tn)

tµ/n
≤ 1−ϵ

)
≤ (

A+o(1)
)
e2γµ exp

(
−

[
3(1+γ)2/3 −2γ(1−ϵ)−3

](
π2µ2n

4

)1/3)
,

where A > 0 is some positive constant and the convergence to 0 follows from the same argument as before and
since µ≪ (µ2n)1/3.

4.2 Fluctuations and deviations from the mean

In this section, we extend the results from Section 4.1 to the second order behaviour and the large deviation of the
height of Tn . We heavily rely on the asymptotic behaviour of the partition function from Theorem 4.1.
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4.2.1 Second order fluctuations

In this section we provide the proofs of Theorems 1.5 and 1.6.

Proof of Theorem 1.5. Let us denote

σ=
√

1

3

(
2π2n

µ4

)1/3

.

For any t ∈R, consider the moment-generating function of the shifted and scaled height

f (t ) = fn(t ) = E
[

e t h(Tn )−(2π2n/µ)1/3

σ

]
= e−t (2π2n/µ)1/3

σ
Zµ−t/σ

n

Zµ
n

.

Now, applying Theorem 4.1 (1) on the numerator and the denominator of the ratio of the partition functions above,
we obtain that

f (t ) ∼ e−t/σ eµ−t/σ−1

eµ−1

(
1− t

σµ

)1/3

exp

(
−t

(2π2n/µ)1/3

σ
−3

(
π2µ2n

4

)1/3 [(
1− t

σµ

)2/3

−1

])
.

Observe first that σ≍ (n/µ4)1/6 so that σ≫ 1 but also σµ≍ (µ2n)1/6 ≫ 1, implying that all the terms outside of the
final exponential are of order 1. Combining this with a Taylor expansion of the term (1− t/(σµ))2/3 leads to

f (t ) ∼ exp

(
−t

(2π2n/µ)1/3

σ
−3

(
π2µ2n

4

)1/3 [
−2

3

t

σµ
− (

1+o(1)
)1

9

t 2

σ2µ2

])

= exp

((
1+o(1)

)1

2

[
1

3

(
2π2n

µ4

)1/3]
t 2

σ2

)
.

To conclude the proof, simply note that σ is exactly defined so that f (t ) ∼ e t 2/2, as required for the convergence in
distribution to the standard normal.

Proof of Theorem 1.6. Recall λx (t ) = xt + log(1+ tan2(π/t )) and its unique minimizer tx from (1.6). For this proof,
we can directly use Theorem 4.1 (2) with the moment generating function of h(Tn) to obtain

E
[

e sh(Tn )
]
= Zµ−s

n

Zµ
n

∼ e−2s
(
1− s

µ

)
en(λµ/n (tµ/n )−λ(µ−s)/n (t(µ−s)/n )) S(µ−s)/n

Sµ/n
,

where for any x > 0,

Sx = ∑
m∈Z

exp

(
−

(
3

2
+o(1)

)(
n3x4

2π2

)1/3

(m − tx )2

)
,

corresponding to the sum in the asymptotics from Theorem 4.1 (2). It is worth observing that, since we consider
x ∈ {µ/n, (µ− s)/n}, for both value it holds that x ∼ γn−3/4. Moreover, Proposition C.1 (1) tells us that

t(µ−s)/n =
(

2π2n

µ− s

)1/3

+o(1) =
(

2π2n

µ

)1/3 (
1+ 1

3

s

µ
+o

(
1

µ

))
+o(1) = tµ/n +

(
2π2

γ4

)1/3
s

3
+o(1) ,

where we used thatµ∼ γn1/4, that these formulae work for arbitrary s, so also for s = 0, and that tµ/n = (2π2n/µ)1/3+
o(1), which is itself a direct consequence of Proposition C.1 (1). In a similar manner, using Proposition C.1 (2), we
obtain that

nλ(µ−s)/n(t(µ−s)/n) = 3

(
π2(µ− s)2n

4

)1/3

+ 1

6

(
(µ− s)4

(2π)4n

)1/3

+o(1)

= 3

(
π2µ2n

4

)1/3 [
1− 2

3

s

µ
− 1

9

s2

µ2 +o

(
1

µ2

)]
+ 1

6

( γ
2π

)4/3
+o(1)

19



= nλµ/n(tµ/n)− s

(
2π2n

µ

)1/3

−
(
π

2γ2

)2/3 s2

3
+o(1) ,

where we used again that the formula holds for s = 0. Plugging the previous results in the original formula, along
with the fact s/µ≪ 1, we obtain that

E
[

e sh(Tn )
]
∼ exp

(
−2s + s

(
2π2n

µ

)1/3

+
(
π

2γ2

)2/3 s2

3

)
S(µ−s)/n

Sµ/n
,

where

Sµ/n ∼ ∑
m∈Z

exp

−3

2

(
γ4

2π2

)1/3 (
m −

(
2π2n

µ

)1/3)2


and

S(µ−s)/n ∼ ∑
m∈Z

exp

−3

2

(
γ4

2π2

)1/3 (
m −

(
2π2n

µ

)1/3

−
(

2π2

γ4

)1/3
s

3

)2
 .

To conclude this proof, observe that the last term within the exponential simplifies as

3

2

(
γ4

2π2

)1/3 (
m −

(
2π2n

µ

)1/3

−
(

2π2

γ4

)1/3
s

3

)2

= 3

2

(
γ4

2π2

)1/3 (
m −

(
2π2n

µ

)1/3)2

−ms + s

(
2π2n

µ

)1/3

+
(
π

2γ2

)2/3 s2

3
,

where we see that the first term exactly corresponds to the term in the exponential of the sum of Sµ/m and the last
two terms are also the two terms in the exponential of the moment generating function. Doing all the subsequent
simplifications lead to

E
[

e sh(Tn )
]
∼

∑
m∈Z

e(m−2)s exp

−3

2

(
γ4

2π2

)1/3 (
m −

(
2π2n

µ

)1/3)2


∑
m∈Z

exp

−3

2

(
γ4

2π2

)1/3 (
m −

(
2π2n

µ

)1/3)2
 .

The claimed convergence now follows by shifting the sum m ∈ Z by mµ/n = ⌊tµ/n⌋ and recalling that Proposi-
tion C.1 (1) states that tµ/n = (2π2n/µ)1/3 +o(1).

4.2.2 Large deviations

In this section we provide the proof of Theorem 1.8. Let us begin by stating the Gärtner-Ellis theorem [13, Theorem
2.3.6], as this is the key ingredient of our proof. We don’t define the large deviations principle (LDP), or the notion
of good rate functions here, and refer the reader for these standard concepts to [13, Chapter 1].

Theorem 4.3 (Gärtner-Ellis theorem). Consider a sequence of random variables (Xn)n≥1 and a sequence (an)n≥1

with an ≫ 1. Assume for every λ ∈R the limit

lim
n→∞

1

an
logE

[
exp

(
λan Xn

)]=Λ(λ), (4.2)

exists point-wise as a convex function of λ, possibly assuming an extended real value for some λ, with the origin
lying inside the interior of the domain DΛ := {λ ∈R :Λ(λ) <∞}. LetΛ further satisfy the following:

• Interior of DΛ is non empty.
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• Λ is differentiable at all points of the interior of DΛ.

• Λ(·) is steep, namely, limn→∞ |Λ′(Λn)| = ∞ whenever λn is a sequence of interior points of DΛ converging to
some boundary point of the interior of DΛ.

Then the sequence (Xn)n≥1 satisfies a LDP with speed an and with good rate function Λ∗, the Fenchel-Legendre
transform ofΛ, defined as,

Λ∗(x) = sup
λ∈R

{
λx −Λ(λ)

}
.

We are now ready to provide the proof of Theorem 1.8.

Proof of Theorem 1.8. Using Proposition C.1 (1), we see that tµ/n , the minimum of λµ/n as defined in (1.6), is of
order (2π2n/µ)1/3. Thus, it is enough to prove that h(Tn)/tµ/n satisfies the claimed large deviation principle with
speed (µ2n)1/3. Thus, the main technical part of the proof reduces to proving that

Λ(γ) = lim
n→∞

1

(µ2n)1/3
logE

[
e(µ2n)1/3γh(Tn )/tµ/n

]
exists and has the desired properties of Theorem 4.3. To do so, we start by characterizing the above limit when
replacing (µ2n)1/3 with µtµ/n , which has the same order, thanks to Proposition C.1 (1).

Assume first that 1/
p

n ≪µ≪ n1/4. Then, using the asymptotic behaviour of the partition function as provided
in Theorem 4.1 (1), we see that, for any γ< 1

E
[

eµγh(Tn )
]
= Zµ(1−γ)

n

Zµ
n

∼ eµ(1−γ)(eµ(1−γ) −1)

eµ(eµ−1)
(1−γ)2/3 exp

(
−3

(
π2µ2n

4

)1/3 (
(1−γ)1/3 −1

))
.

Observing that µ≪ (µ2n)1/3 here, it follows that

1

µtµ/n
logE

[
eµγh(Tn )

]
=− 3

µtµ/n

(
π2µ2n

4

)1/3 (
(1−γ)2/3 −1

)
+o(1)

= 3

2

(
1− (1−γ)2/3

)
+o(1) .

Note that this formula also works when γ= 1 by replacing the numerator with Cn−1 ≍ 4n/n3/2.
Assume now that n1/4 ≪µ≪ n. Then, using the asymptotic behaviour of the partition function as provided in

Theorem 4.1 (2), we see that, for any γ< 1

E
[

eµγh(Tn )
]
= Zµ(1−γ)

n

Zµ
n

∼ e2µ(1−γ)

e2µ (1−γ)e−nλµ(1−γ)/n (tµ(1−γ)/n )+nλµ/n (tµ/n )R ,

where R is a fraction between two sums, both of them of order eO((µ4/n)1/3) = eo(µ2n)1/3
. Furthermore, thanks to

Proposition C.1 (2), we know that

−nλµ(1−γ)/n(tµ(1−γ)/n)+nλµ/n(tµ/n) =−3

(
π2µ2n

4

)1/3 (
(1−γ)2/3 −1

)
+O

((
µ4

n

)1/3)
.

Using again that (µ4/n)1/3 ≪ (µ2n)1/3 ≍µtµ/n , we obtain that

1

µtµ/n
logE

[
eµγh(Tn )

]
= 3

2

(
1− (1−γ)2/3

)
+o(1) , (4.3)

and can further check that this formula still holds when γ= 1.
Defining

Γ(γ) = 3

2

(
1− (1−γ)2/3) ,
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we note thus that the limit Γ(γ) exists for any γ≤ 1, is convex, differentiable on (−∞,1), and its derivative diverges
to ∞ at 1. It is worth observing that, since Γ is convex, we can also deduce that Γ(γ) =∞ whenever γ> 1, without
having to compute it (which would otherwise require an understanding of the partition function when µ is nega-
tive). All of these observations imply that Γ satisfies the properties in Theorem 4.3. Thus, by Theorem 4.3, it follows
that (h(Tn)/tµ/n)n≥1 satisfies an LDP with respect to the good rate function that is the Fenchel-Legendre transform
of Γ(γ) = (3/2)(1− (1−γ)2/3) and with speed µtµ/n .

Observe that definingΛ(γ) := limn→∞ 1
(µ2n)1/3 logE

[
e(µ2n)γh(Tn )/tµ/n

]
, we have the relation

Λ(γ) ∼ (2π2)1/3

µtµ/n
logE

[
exp

(
µ
γ+o(1)

(2π2)1/3
h(Tn)

)]
∼ (2π2)1/3Γ

(
γ

(2π2)1/3

)
. (4.4)

We now compute the rate functionΛ∗(·). For any x ∈R, we have

x =Λ′(γ) ⇐⇒ x = Γ′
(

γ

(2π2)1/3

)
=

(
1− γ

(2π2)1/3

)−1/3

⇐⇒ γ= (2π2)1/3
(
1− 1

x3

)
.

This value of γ is defined for any x > 0 and is less than (2π2)1/3, thus γ ∈DΛ. In that case, we see that the supremum
in the definition of the Fenchel-Legendre transform ofΛ is reached when γ is the above value, leading to

Λ∗(x) = x(2π2)1/3
(
1− 1

x3

)
−Λ

(
(2π2)1/3

(
1− 1

x3

))
= (2π2)1/3

[
x − 1

x2 − 3

2

(
1−

(
1

x3

)2/3
)]

= (2π2)1/3
[

x + 1

2x2 − 3

2

]
.

This agrees with the rate function appearing in the statement of Theorem 1.8 when x > 0, while for x ≤ 0, the
supremum in the definition of Fenchel-Legendre transform is infinite, as follows from (4.3) and the relation (4.4)
betweenΛ and Γ, agreeing with the claim of Theorem 1.8.

4.3 Bernoulli fluctuations

In this section we provide the proof Theorem 1.11 by splitting the result into two propositions, covering the regimes
µ≪ n and µ=Ω(n). We then combine them together to prove Theorem 1.11. Recall the function λx , its minimizer
tx as defined in (1.6), and the definition of δn and mx = max{⌊tx⌋ ,3} from (1.7).

Proposition 4.4. Let µ = µn be such that n1/4 ≪ µ≪ n, and assume that δn admits a limit δ (possibly infinite).
Let Tn be a µ-height-biased tree of size n. Then, h(Tn)−mµ/n +2 converges in distribution to a Bernoulli random
variable with parameter

pδ =
e−δ

1+e−δ
.

Proof. Fix some γ ∈R. Recall that Theorem 4.1 (3) tells us that, in the regime considered here, we have

Zn = (
1+o(1)

)
4ne2µ

⌈tµ/n⌉∑
m=max{⌊tµ/n⌋,3}

tan2
(
π
m

)
m

e−nλµ/n (m) ,

Further using that tµ/n and t(µ+γ)/n diverge here thanks to Proposition C.1 (1), we can remove the max from the
lower bound of the sum and identify mµ/n with ⌊tµ/n⌋. Finally, observing that λx+y (m) = ym +λx (m), we see that

E
[

eγh(Tn )
]
= Zµ−γ

n

Zµ
n

∼ e−2γ

∑⌈t(µ−γ)/n⌉
m=⌊t(µ−γ)/n⌋

tan2(
π
m

)
m eγm−nλµ/n (m)

∑⌈tµ/n⌉
⌊tµ/n⌋

tan2
(
π
m

)
m e−nλµ/n (m)

. (4.5)
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To prove the Proposition, it is enough to show that

E
[

eγ(h(Tn )−mµ/n+2)
]
→ 1−pδ+pδeγ. (4.6)

Note that the sequence tµ/n −⌊tµ/n⌋ is bounded in [0,1], and thus admits subsequential limits. Below we sep-
arate our analysis into three possible cases of these limits, and exhibit that the result claimed by the Proposition
is coherent across these cases. Further, to simplify notation, we hide the subsequence notation and assume the
sequence itself has the assumed behavior.
Case: tµ/n −⌊tµ/n⌋→ 0. Using equation (4.5), if tµ/n −⌊tµ/n⌋ converges to 0, Proposition C.1 (3) tells us that

nλµ/n(⌊tµ/n⌋±1)−nλµ/n(⌊tµ/n⌋) ≥C n
(µ

n

)2/3 1(
n
µ

)2/3
=C

(
µ4

n

)1/3

≫ 1,

with a similar inequality when applied to ⌊t(µ−γ)/n⌋, implying that we can ignore the term different from ⌊tµ/n⌋ in
both sums. In that case, we directly see that

E
[

eγh(Tn )
]
∼ eγ

(⌊tµ/n⌋−2
)

.

To see that this implies (4.6), using tµ/n diverges, it suffices to show that δn → ∞. But this is straightforward
since, either tµ/n is an integer, and then ⌊tµ/n⌋ = ⌈tµ/n⌉ so that δn = µ ≫ 1, or tµ/n is not an integer, and then
⌈tµ/n⌉ = ⌊tµ/n⌋+1, leading to

δn = nλµ/n(⌊tµ/n⌋+1)−nλµ/n(⌊tµ/n⌋) ≥C

(
µ4

n

)1/3

≫ 1.

Case: tµ/n −⌊tµ/n⌋→ 1. Note that tµ/n −⌊tµ/n⌋ converges to 1 is equivalent to saying that tµ/n −⌈tµ/n⌉ converges to
0, and similar arguments as in the previous case apply, leading to

E
[

eγh(Tn )
]
∼ eγ

(⌈tµ/n⌉−2
)

.

To see that this is desired result, observe again that if tµ/n is an integer the result follows, and otherwise −δn ≫ 1,
leading to δ=−∞, and the last display again agrees with (4.6).
Case: limn→∞ tµ/n −⌊tµ/n⌋ ∈ (0,1). Assume finally that tµ/n −⌊tµ/n⌋ converges to some number in (0,1). In that
regime, Proposition C.1 (1) implies that

t(µ−γ)/n =
(

2π2n

µ−γ
)1/3

+o(1) =
(

2π2n

µ

)1/3

+O

((
n

µ4

)1/3
)
+o(1) = tµ/n +o(1) ,

which means that ⌊tµ/n⌋ = ⌊t(µ−γ)/n⌋ for n large enough. It follows that

E
[

eγh(Tn )
]
∼ e−2γ

∑⌈tµ/n⌉
m=⌊tµ/n⌋

tan2(
π
m

)
m eγm−nλµ/n (m)

∑⌈tµ/n⌉
m=⌊tµ/n⌋

tan2
(
π
m

)
m e−nλµ/n (m)

∼ eγ
(⌊tµ/n⌋−2

) 1+eγenλµ/n (⌊tµ/n⌋)−nλµ/n (⌊tµ/n⌋+1)

1+enλµ/n (⌊tµ/n⌋)−nλµ/n (⌊tµ/n⌋+1)
,

where we used that ⌊tn⌋ ∼ ⌈tn⌉≫ 1 to take the fraction out of the sum. But now, we observe that the definition of
δn implies that

nλµ/n(⌊tµ/n⌋)−nλµ/n(⌊tµ/n⌋+1) =−δn ,

leading to

E
[

eγh(Tn )
]
∼ eγ

(⌊tµ/n⌋−2
) 1+eγe−δn

1+e−δn
,

implying (4.6).
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Proposition 4.5. Let µ = µn be such that cn = µ/n converges to some c ∈ (0,∞] and assume that δn admits a limit
δ (possibly infinite). Let Tn be a µ-height-biased tree of size n. Then, h(Tn)−mµ/n +2 converges in distribution to a
Bernoulli random variable with parameter

pc,δ =
mc tan2

(
π

mc+1

)
e−δ

(mc +1)tan2
(
π

mc

)
+mc tan2

(
π

mc+1

)
e−δ

.

Proof. The proof is very similar to that of Proposition 4.4, except that Proposition C.1 does not apply here. We start
by applying Theorem 4.1 to see that

Zn ∼ 4ne2µ
⌈tµ/n⌉∑

m=mµ/n

tan2
(
π
m

)
m

e−nλµ/n (m) ,

so that, using again λx+y (m) = ym +λx (m), we obtain

E
[

eγh(Tn )
]
= Zµ−γ

n

Zµ
n

∼ e−2γ

∑⌈t(µ−γ)/n⌉
m=m(µ−γ)/n

tan2(
π
m

)
m eγm−nλµ/n (m)

∑⌈tµ/n⌉
m=mµ/n

tan2
(
π
m

)
m e−nλµ/n (m)

.

Observe now that, whenever tµ/n ≤ 3, then the two sums can be reduced to m = 3 since the possible other term
(corresponding to the case ⌈t(µ−γ)n⌉ = 3, implying t(µ−γ)/n ∼ 3) is negligible. This leads to the desired result, since
in that case δn = µ and so δ =∞ with pc,δ = 0. We assume from now on that tµ/n > 3 so that mµ/n = ⌊tµ/n⌋ and
m(µ−γ)/n = ⌊t(µ−γ)/n⌋ (since x 7→ tx is decreasing).

Assume here that tµ/n converges to some integer m̃n , so that t(µ−γ)/n does as well. Using that µ/n ∼ c and the
fact that λc is strictly convex, the previous two sums can be reduced to m = m̃n since the other terms decrease
exponentially faster. In that case, we see that

E
[

eγh(Tn )
]
= Zµ−γ

n

Zµ
n

∼ eγ(m̃n−2) .

If tµ/n is an integer, then δn =µ and so δ=+∞. Otherwise, we see that

δn = nλµ/n(⌈tµ/n⌉)−nλµ/n(⌊tµ/n⌋) ,

which is positive if tµ/n converges to ⌊tµ/n⌋ and negative if it converges to ⌈tµ/n⌉. Moreover, using that µ/n ∼ c and
that λc is strictly convex, we see that |δn | ≫ 1. Thus, either δ = +∞, in which case m̃n = ⌊tµ/n⌋ and so h(Tn) →
⌊tµ/n⌋−2 and pc,δ = 0, or δ=−∞, in which case m̃n = ⌈tµ/n⌉ and so h(Tn) →⌊tµ/n⌋−1 and pc,δ = 1. In all cases, the
desired convergence is verified.

We assume now that tµ/n −⌊tµ/n⌋ converges to some r ∈ (0,1). Observe that, for γ small enough and n large
enough, this implies that ⌊t(µ−γ)/n⌋ = ⌊tµ/n⌋ = mc . Recalling that we assume that tµ/n and thus also t(µ−γ)/n are
both larger than 3, we see that

E
[

eγh(Tn )
]
∼ e−2γ

∑mc+1
m=mc

tan2(
π
m

)
m eγm−nλµ/n (m)∑mc+1

m=mc

tan2
(
π
m

)
m e−nλµ/n (m)

= eγ(mc−2)
(mc +1)tan2

(
π

mc

)
+m tan2

(
π

mc+1

)
eγ+n(λµ/n (mc )−λµ/n (mc+1))

(mc +1)tan2
(
π

mc

)
+m tan2

(
π

mc+1

)
en(λµ/n (mc )−λµ/n (mc+1))

.

To conclude the proof, observe that

n
(
λµ/n(mc )−λµ/n(mc +1)

)=−µ+n log

 1+ tan2
(
π

mc

)
1+ tan2

(
π

mc+1

)
=−δn ,

leading to the desired limiting distribution.
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With our two main results stated and proven, we can now straightforwardly combine them to obtain Theo-
rem 1.11.

Proof of Theorem 1.11. The proof of Theorem 1.11 directly follows from Proposition 4.4 and 4.5 by observing that
the case µ≪ n is equivalent to the case c = 0.

5 Width in the non-Brownian regime

In this section, we provide the proof of Theorem 1.9. We employ a multiscale decomposition technique using
random excursions that encode our height biased trees.

Since we are interested in bounding the width of a tree by using its contour representation, it is worth pointing
out the relation between the width and the corresponding walk. For a discrete contour C = (Ct : 0 ≤ t ≤ 2n − 1)
(seen as a continuous function on [0,2n −1]), we let

w(C ) = 1

2
max

{∣∣{t : Ct = ℓ}
∣∣ : ℓ ∈R

}
.

Note that for any discrete walk the maximum above is finite. By observing that every edge of the tree exactly
corresponds to one up-step and one down-step of the contour, we see that w(C ) exactly counts the number of
edges at a certain depth in the tree. By further using that each such edge leads to a unique node at the given depth,
we see that w(C (T )) = w(T ). It is worth noting that this equality does not apply in the case where the tree is a single
node, but this definition will not be applied to this case. Finally, we observe that w is naturally extended to bridges
and walks and that, for any bridge B (n)

x,y going from x to y and obtained as the concatenation of B (k)
x,z and B (n−k)

z,y
respectively going from x to z and from z to y , we have

w
(
B (n)

x,y

)≤ w
(
B (k)

x,z

)+w
(
B (n−k)

z,y

)
.

This inequality will prove to be useful in order to decompose our random excursion in a collection of bridges.

5.1 Relating height-biased and uniform trees

Proposition 5.1. Let µ = µn such that 1/
p

n ≪ µ ≪ n. Then for any ϵ > 0, there exists δ > 0 such that, for any
sequence of events (An)n≥1, we have

limsup
n→∞

1

(µ2n)1/3
log

 P
(
Tn ∈ An ,

∣∣∣ h(Tn )
(2π2n/µ)1/3 −1

∣∣∣≤ δ)
P

(
Tn ∈ An

∣∣∣ ∣∣∣ h(Tn )
(2π2n/µ)1/3 −1

∣∣∣≤ δ)
≤ ϵ .

Proof. Start by considering a fix δ> 0 and denote hn = (2π2n/µ)1/3 for the asymptotic height in this regime, recall
Theorem 1.4. By observing that Tn and Tn have the same distribution once we condition on their height, the
numerator of the proposition can be transformed into

P

(
Tn ∈ An ,

∣∣∣∣h(Tn)

hn
−1

∣∣∣∣≤ δ)
= ∑

|k−hn |≤δhn

P
(
Tn ∈ An

∣∣∣ h(Tn) = k
)
P

(
h(Tn) = k

)
= ∑

|k−hn |≤δhn

P
(
Tn ∈ An

∣∣∣ h(Tn) = k
)
P

(
h(Tn) = k

)
.

Moreover, using again the uniform distribution of Tn and Tn on trees of a given height, we have that

P
(
h(Tn) = k

)= e−µk

Zn
Cn−1P

(
h(Tn) = k

)
.

Using that the sum is taken over all |k −hn | ≤ δhn , we see that µk =µhn +O(δ(µ2n)1/3), leading to

P

(
Tn ∈ An ,

∣∣∣∣h(Tn)

hn
−1

∣∣∣∣≤ δ)
= ∑

|k−hn |≤δhn

P
(
Tn ∈ An

∣∣∣ h(Tn) = k
) e−µk

Zn
Cn−1P

(
h(Tn) = k

)
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= e−µhn+O(δ(µ2n)1/3) Cn−1

Zn
P

(
Tn ∈ An ,

∣∣∣∣h(Tn)

hn
−1

∣∣∣∣≤ δ)
= e−µhn+O(δ(µ2n)1/3) Cn−1

Zn
P

(
Tn ∈ An

∣∣∣ ∣∣∣∣h(Tn)

hn
−1

∣∣∣∣≤ δ)
P

(∣∣∣∣h(Tn)

hn
−1

∣∣∣∣≤ δ)
.

To conclude the proof, we first observe that

Cn−1P

(∣∣∣∣h(Tn)

hn
−1

∣∣∣∣≤ δ)
= Hn,⌊hn (1+δ)⌋+1 −Hn,⌈hn (1−δ)⌉ ∼

4nπ2

(1+δ)3h3
n

1(
1+ tan2 π

⌊hn (1+δ)⌋+1

)n

where Hn,m is defined in (1.8) and its asymptotic behaviour is given in Theorem B.1. Denoting h̃n = ⌊hn(1+δ)⌋+1
and observing that µhn =µh̃n +O(δ(µ2n)1/3), it follows that

P
(
Tn ∈ An ,

∣∣∣ h(Tn )
hn

−1
∣∣∣≤ δ)

P
(
Tn ∈ An

∣∣∣ ∣∣∣ h(Tn )
hn

−1
∣∣∣≤ δ) ∼ e−µh̃n+O(δ(µ2n)1/3)

Zn

4nπ2

(1+δ)3h3
n

1(
1+ tan2 π

h̃n

)n

= e−nλµ/n (h̃n )+O(δ(µ2n)1/3)

Zn

4nπ2

(1+δ)3h3
n

,

where λx is defined in (1.6). By considering δ > 0 small enough, we observe that Proposition C.1 (3) tells us here
that

nλµ/n(h̃n) =λµ/n(tµ/n)+O
(
δ2(µ2n)1/3)

Finally, the statement of the proposition follows from the different cases of the asymptotic of Zn from Theorem 4.1.
Indeed, in the case 1/

p
n ≪µ≪ n1/4, we have that

P
(
Tn ∈ An ,

∣∣∣ h(Tn )
hn

−1
∣∣∣≤ δ)

P
(
Tn ∈ An

∣∣∣ ∣∣∣ h(Tn )
hn

−1
∣∣∣≤ δ) ∼ e−nλµ/n (tµ/n )+O(δ(µ2n)1/3) 4nπ2

(1+δ)3h3
n

1

4neµ(eµ−1)

21/331/2

π5/6

n5/6

µ1/3
e

3

(
π2µ2n

4

)1/3

= eO(δ(µ2n)1/3) ,

and the same result applies to µ≍ n1/4 and to n1/4 ≪µ≪ n. This concludes the proof as, for any ϵ> 0, we are then
able to find δ> 0 small enough such that O(δ(µ2n)1/3) < ϵ(µ2n)1/3.

5.2 Bounding the width of a bridge

Proposition 5.2 (Subgaussian width tails for bridges). Let B (n)
x = (B (n)

x;t : 0 ≤ t ≤ n) be a uniform bridge of length

n ending at x, that is a uniform element from B(n)
x . Then, for any A > 0, there exists R1,R2 > 0 such that, for any

|x| ≤ A
p

n and T ≥ 0, we have

P

(
w

(
B (n)

x
)

p
n

> T

)
≤ R1e−R2T 2

.

Proof. We first observe that the reflection φx defined in Lemma 2.4 can at most double the width of the walk,
meaning that

1

2
w

(
B (n)

x

)≤ w
(
φx

(
B (n)

x

))≤ 2w
(
B (n)

x

)
.

Moreover, using thatφx is a bijection and thus pushes forward uniform measures to uniform measures, and letting
e =−1n is odd for the end-point of the new bridge, we have

P

(
w

(
B (n)

x
)

p
n

> T

)
≤P

(
w

(
B (n)

e
)

p
n

> T

2

∣∣∣ ∃t ,B (n)
e;t = ⌊x/2⌋

)
≤
P

(
w

(
B (n)

e
)>p

nT /2
)

P
(
∃t ,B (n)

e;t = ⌊x/2⌋
) .
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Using the distributional convergence of B (n)
e towards the Brownian bridge along with the fact that | ⌊x/2⌋ | ≤ A

p
n,

we see that the denominator asymptotically satisfies

P
(
∃t ,B (n)

e;t = ⌊x/2⌋
)
≥P

(
max

0≤t≤n

B (n)
e;tp
n

> A, min
0≤t≤n

B (n)
e;tp
n

<−A

)

= (
1+o(1)

)
P

(
max
0≤t≤1

Bt > A, min
0≤t≤1

Bt <−A

)
,

where (Bt : 0 ≤ t ≤ 1) is a standard Brownian bridge from 0 to 0. Furthermore, the right-hand side corresponds
to a strictly positive function K (A) > 0, see for instance [8, Formula 1.15.8, Pg 180]. To conclude the proof, first
observe that if n is even, we can extend B (n)

0 to B (n+1)
−1 and add at most +1 to the width. Then, by observing that the

canonical map φ from Lemma 2.3 does not modify the width, the numerator

P
(
w

(
B (n)

e

)>p
nT /2

)
≤P

(
w

(
E (n))>p

nT /2−1
)

,

where E (n) is a uniform excursion of size either n or n +1 (depending on the parity of n). Finally, using that the
width of an excursion is equal to the width of the corresponding tree, and that the distribution of the corresponding
tree is a critical Bienamyé tree with Geo(1/2) offspring distribution, conditioned to have size ⌈n/2⌉, we can use [3,
Theorem 1.1] which states the existence of c1,C1 positive constants independent of T and n such that

P
(
w

(
E (n))>p

nT /2−1
)
≤C1e−c1(

p
nT /2−1)2/n .

Combining all previous inequalities lead to the existence of R1,R2 > 0 such that, for n large enough, we have

P

(
w

(
B (n)

x
)

p
n

> T

)
≤ (

1+o(1)
)C1e−c1(

p
nT /2−1)2/n

K (A)
≤ R1e−R2T 2

.

This can then be extended to the desired result by choosing R1 and R2 such that the inequality trivially holds when
n is small.

Corollary 5.3 (Exponential moments of the width of uniform bridges). We denote by B (n)
x,y a uniform bridge of length

n from x to y, that is a uniform element from B(n)
x,y . Then, for any s ∈ R and A > 0, there exists M > 0 such that, for

all n ≥ 1 and all 0 ≤ x, y ≤ A
p

n, we have

E

[
exp

(
s

w
(
B (n)

x,y
)

p
n

)]
≤ M .

Proof. We start by observing that B (n)
x,y can be mapped to B (n)

y−x a bridge from 0 to y − x, by simply translating the
walk. Moreover, shifting a walk does not affect its width, so we have

w
(
B (n)

x,y

) d= w
(
B (n)

y−x

)
.

Further using that 0 < w(B (n)
y−x ) ≤ n, we see that the desired expected value re-writes as

E

[
exp

(
s

w
(
B (n)

x,y
)

p
n

)]
= E

[
exp

(
s

w
(
B (n)

y−x
)

p
n

)]
=

n∑
k=1

E

[
exp

(
s

w
(
B (n)

y−x
)

p
n

)
1{

p
k−1<w(B (n)

y−x )/
p

n≤pk}

]
,

Now, thanks to Proposition 5.2 and since |y −x| ≤ A
p

n whenever 0 ≤ x, y ≤ A
p

n, we have that

E

[
exp

(
s

w
(
B (n)

x,y
)

p
n

)
1{

p
k−1<w(B (n)

y−x )/
p

n≤pk}

]
≤ e s

p
kP

(
w

(
B (n)

y−x
)

p
n

>
p

k −1

)
≤ R1e s

p
k−R2(k−1) .

Since the sum of the right-hand side above is finite even if we sum over all k ∈N, the corollary follows.
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5.3 Width in the non-Brownian regime

To conclude this section, we now prove Theorem 1.9 stating that the width of a height-biased tree when 1/
p

n ≪
µ≪ n is of order (µn2)1/3, although without providing the exact constant. The proof relies on splitting the contour
of a tree with bounded height into standard bridges whose height is the square of their length. A representation of
this multiscale idea can be found in Figure 3.

Figure 3: A representation of the multiscale decomposition used for the proof of Theorem 1.9. We bound the
height with hδn = (1 + δ)(2π2n/µ)1/3 and split the contour of a uniform tree into r ∼ (µ2n)1/3 bridges of length
∆t ∼ 2(n/µ)2/3. This way the length of each bridge is of the same order as the square of its fluctuations, thus are
objects from the Brownian world, admitting good enough width tails for our purposes, thanks to Proposition 5.2.

Proof of Theorem 1.9. To start the proof, first note that, since the width counts the number of nodes at a certain
height in the tree, by summing over all possible heights we directly have the bound

w(Tn) ·h(Tn) ≥ n .

Using the result of Theorem 1.4 which states that h(Tn) is asymptotically of order (n/µ)1/3, we directly see that
w(Tn) is at least of order (µn2)1/3 as desired. This proves the lower bound of the theorem and we now focus
on proving that w(Tn) is not of higher order than (µn2)1/3. Following the proof of Proposition 5.1, we let hn =
(2π2n/µ)1/3 be the asymptotic height of Tn .

Fix for now some K > 0 and ϵ > 0. We start by applying Proposition 5.1 to the event An = {w(T ) > K (µn2)} to
find δ> 0 such that

limsup
n→∞

1

(µ2n)1/3
log

 P
(
w(Tn) > K (µn2)1/3,

∣∣∣ h(Tn )
hn

−1
∣∣∣≤ δ)

P
(
w(Tn) > K (µn2)1/3

∣∣∣ ∣∣∣ h(Tn )
hn

−1
∣∣∣≤ δ)

≤ ϵ .

By further using Theorem 1.4, we know that h(Tn) converges in probability to hn . Combining this with the previous
result leads to

P
(
w(Tn) > K (µn2)1/3

)
≤ eO(ϵ(µ2n)1/3)P

(
w(Tn) > K (µn2)1/3

∣∣∣ ∣∣∣∣h(Tn)

hn
−1

∣∣∣∣≤ δ)
+o(1) . (5.1)

Proving the theorem now boils down to proving an upper bound on the width of a uniform tree.
Given a uniform tree Tn , recall we let C (Tn ) = (C (Tn )

t : 0 ≤ t ≤ 2n −1) to be its contour walk. We are going to split
this walk into a sequence of bridges of length 2(n/µ)2/3 so that, once conditioned to be within the range [0,hn),
their length is exactly this range squared. We refer to Figure 3 for a representation of this idea.

Let r = rn = ⌊
(µ2n)1/3

⌋
and set t0, . . . , tr to evenly spaced time points from the interval 2n −1, meaning that

ti =
⌊

i (2n −1)

r

⌋
.

We observe here that r ∼ (µ2n)1/3 and that ∆t = max{ti − ti−1} ∼ 2(n/µ)2/3. Finally, we denote by Bi = (C (Tn )
t+ti−1

: 0 ≤
t ≤ ti − ti−1) the walk corresponding to the portion of C (n) between time ti−1 and time ti (rescaled in time to start
at 0). We now make two important observations.
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1. Since C (Tn ) is obtained by concatenating B1, . . . ,Br , its width is bounded by the sum of their widths:

w
(
C (Tn ))≤ r∑

i=1
w(Bi ) .

2. By the Markov property B1,B2, . . . ,Br are independent and uniform bridges conditionally given C (Tn )
ti

for
0 ≤ i ≤ r .

To use these observations, start by applying a standard exponential Markov’s inequality to see that, for any ρ > 0,
we have

P

(
w(Tn) > K (µn2)1/3

∣∣∣ ∣∣∣∣h(Tn)

hn
−1

∣∣∣∣≤ δ)
≤ e−ρK (µn2)1/3

E

[
eρw(Tn )

∣∣∣ ∣∣∣∣h(Tn)

hn
−1

∣∣∣∣≤ δ]
.

We then combine the first observation and a nested expectation to obtain that

P

(
w(Tn) > K (µn2)1/3

∣∣∣ ∣∣∣∣h(Tn)

hn
−1

∣∣∣∣≤ δ)
≤ e−ρK (µn2)1/3

E

[
E

[
eρw(Tn )

∣∣∣ ∣∣∣∣h(Tn)

hn
−1

∣∣∣∣≤ δ,C (Tn )
t0

,C (Tn )
t1

, . . . ,C (Tn )
tr

]]
≤ e−ρK (µn2)1/3

E

[
E

[
eρ[w(B1)+...+w(Br )]

∣∣∣ ∣∣∣∣h(Tn)

hn
−1

∣∣∣∣≤ δ,C (Tn )
t0

,C (Tn )
t1

, . . . ,C (Tn )
tr

]]
.

The condition that h(Tn) is bounded can be reduced to simply having 0 ≤CTn
ti

≤ (1+δ)hn by dividing with the prob-

ability that a walk of length 2n−1 is a contour whose height is of order hn , which itself is of order eO(logn)+O((µ2n)1/3).
Finally, the second observation states that, under the above conditioning, all bridges are independent from each
other and their endpoints both belong to the interval [0, (1+δ)hn]. Further using that the length of the bridges
is bounded by ∆t ∼ 2(n/µ)2/3 and that extending a walk can only increase its width, the previous bound can be
transformed into

P

(
w(Tn) > K (µn2)1/3

∣∣∣ ∣∣∣∣h(Tn)

hn
−1

∣∣∣∣≤ δ)
≤ e−ρK (µn2)1/3+O(logn)+O((µ2n)1/3)

(
max

0≤x,y≤A
p
∆t

E

[
e
ρw

(
B

(∆t )
x,y

)])r

,

where A > 0 is some constant such that (1+δ)hn ≤ A
p
∆t and B (∆t )

x,y is a uniform random bridge of length ∆t going
from x to y .

For the final part of this proof, start by replacing ρ with 1/
p
∆t and apply Corollary 5.3 with the same A and

s = 1 to find some M > 0 such that, for any ∆t > 0

max
0≤x,y≤A

p
∆t

E

[
e

w
(
B

(∆t )
x,y

)
/
p
∆t

]
≤ M .

Finally, by recalling that µ≫ (logn)3/2/
p

n, that r ∼ (µ2n)1/3, and that ∆t ∼ 2(n/µ)2/3, combining the previous two
bounds lead to

P

(
w(Tn) > K (µn2)1/3

∣∣∣ ∣∣∣∣h(Tn)

hn
−1

∣∣∣∣≤ δ)
≤ exp

(
−(

1+o(1)
)[ Kp

2
− log M +O(1)

]
(µ2n)1/3

)
.

Plugging this back into (5.1) finally leads to

P
(
w(Tn) > K (µn2)1/3

)
≤ exp

(
−(

1+o(1)
)[ Kp

2
− log M +O(ϵ)+O(1)

]
(µ2n)1/3

)
+o(1)

Observe that the definitions of M , O(ϵ), and O(1) only depend on ϵ, δ, and A and are thus independent of K . This
means that we can take K large enough such that the exponential converges to 0, thus proving the desired upper
bound and concluding the proof.
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6 Local results around the root: local convergence and condensation

In this section we prove Theorems 1.15 and 1.16, completing the picture of local behavior around the root.

6.1 Local limits

Before moving on to the results, we briefly discuss the precise topology that the convergence in Theorem 1.15 takes
place in. Even though the following definitions are standard, we include it for the sake of completeness. The notion
of local convergence of sparse graphs goes back to works of Benjamini and Schramm [7], and Aldous and Steele
[5]. In the context of rooted planar trees, we use the notion of local convergence as presented by Abraham and
Delmas in [1], which respects the ordering of the children of every vertex.

Let T1,T2 be two rooted plane trees (possibly infinite). We equip the set of all plane trees t with the metric

dloc(T1,T2) = inf

{
1

1+R
: R ∈N,BR (T1) = BR (T2)

}
where BR (T ) denotes the subtree of T spanned by the vertices at distance at most R from the root.

Definition 6.1 (Balls around a rooted tree). For T a rooted tree and a > 0, define by Ba(T ) the open ball of radius
a around T in the local topology, i.e.,

Ba(T ) := {T : dloc(T,T ′) < a}.

In other words, for r ∈N∗, B1/r (T ) consists of those rooted trees that look identical with T up to generation r .

Remark 6.2. The set of finite trees t f is a countable dense subset of t = t f ∪t∞, where t∞ stands for the set of
infinite trees. It is also an easy exercise to check that the balls B1/r are both closed and open, and two balls are
either disjoint or one is contained in the other.

It is a well known result of Kesten [22] that the local limit of the uniform treeTn is the the so-called Kesten’s tree
(KT) associated to the critical Geo(1/2) offspring distribution with mass function

p(n) =
(

1

2

)n+1

,n = 0,1,2, . . .

which is a multi-type Biénaymé tree with two types of individuals: normal and special. The special individuals
reproduce according to the size-biased distribution p∗(n) = np(n),n = 0,1, . . . , whereas the normal ones reproduce
according to p(n). The root is special and reproduces according to p∗(n) = np(n) where one of the children, chosen
uniformly, is special and the others are normal. This is an infinite tree with a single spine, i.e. with a unique infinite
path emanating from the root. When we write Kesten’s tree or simply KT, we always refer to the one associated
to the critical geometric offspring distribution as described above, since this is the only case we encounter in this
work.

We now move on to prove Theorem 1.15, stating that the local limit of the tree Tn when 0 ≤ µ≪ 1 is also KT,
i.e., the height bias is not strong enough to change the local behavior. We know from [19] that when µ is a positive
real constant, the local limit is the Poisson tree with parameter µ of [2]. This is an infinite tree which is not an
instance of Kesten’s tree, but it still has two types, with a backbone without leaves corresponding to individuals
having an infinite progeny on which are grafted independent critical (finite) Bienaymé trees. Since µ = α with
α > 0 is already covered in [19], and the µ→ α case can be treated with the same techniques found therein up
to minor modifications, we do not give further details on the explicit properties of this limiting tree and refer the
reader to [2, 19].

For the 0 ≤ µ≪ 1 case, we will need the following lemma for the proof of Theorem 1.15. Below, for notational
convenience, we write for any event A of trees,

P (Tn ∈ A) = νµn(A) .
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Lemma 6.3. Assume that 0 ≤µ≪ 1 and T0 a finite tree of height r with K vertices at level r . For any M ∈N, it holds
that

ν
µ
n
(
B1/r (T0)

)≥ (
1+o(1)

)
K

e−µr

4|T0|−K

(
M∑

S=1
CS−14−S

)K−1

, (6.1)

where B1/r (T0) is the open ball of radius 1/r around the tree T0 in the local topology.

Proof. Case 1/
p

n ≪ µ≪ 1. Since µ→ 0 and µ2n →∞ for the window in question, we can assume without loss
of generality that µ = µn and µ2n are respectively decreasing and increasing functions of n. Note that any tree
T ∈B1/r (T0) can be obtained by grafting K trees on the top K vertices of T0, i.e., the leaves of T0 at maximal height.
The subtrees rooted at the top vertices of T0 are referred to as branches in the rest of the proof. Let M be some fixed
large constant and consider the subset of B1/r (T0) where all branches except one have size < M . Assuming that
n > K M +|T0|, exactly one branch has size ≥ M which we call the large one. We further restrict to the case where
the height of the subtree that is grafted on the leaf corresponding to the one with the largest subtree, is at least M .
In other words, the largest branch is also the highest with height at least M , and the total height of the tree T thus
formed after the grafting procedure is at least r +M .

Let Ω(T0,r ) be the subset of B1/r (T0) consisting of trees of size n satisfying the properties above and whose
large branch is precisely the first one, where we hide from notation the n-dependence of Ω. Then, by using the
symmetry between all branches and only considering the case where the first branch is the largest one, we have

ν
µ
n
(
B1/r (T0)

)≥ K ·νµn
(
Ω(T0,r )

)
.

We proceed to estimate the right hand side. Denoting the sizes of the subbranches grafted on the top K vertices by
Ni , i ∈ {1, . . . ,K }, we have

ν
µ
n
(
Ω(T0,r )

)≥ 1

Zµ
n

∑
n2,...,nK <M

n1=n−n2−···−nK

Cn2−1 . . .CnK −1

n∑
m=M

e−µ(m+r )(Hn1,m+1 −Hn1,m) ,

where Hn,m is the number of trees of height < m, as defined in (1.8).
Recall that 1/

p
n ≪µ≪ 1. For this window, we employ Lemma B.2 and Proposition D.3, where we choose ϵn to

be 1/(µ2n)1/6−δ for any fixed 0 < δ< 1/6 to estimate the second sum on the right hand side. Using n1 < n, µn1 >µn

and µ2
n1

n1 <µ2
nn we have, for n large,

n∑
m=M

e−µn m(
Hn1,m+1 −Hn1,m

)≥ n∑
m=M

e−µn1 m(
Hn1,m+1 −Hn1,m

)
≥ (

1+o(1)
) 4n1π5/6

21/331/2

µn

n
exp

(
−3

(
π2µ2

nn

4

)1/3)
, (6.2)

which together with Theorem 4.1 leads to

ν
µ
n
(
Ω(T0,r )

)≥ (
1+o(1)

) e−µr

4|T0|−K

(
M∑

s=1
Cs−14−s

)K−1

, (6.3)

which concludes the proof for the regime in question once multiplied by K .

Case µ
p

n →α ∈ [0,∞). RecallTn is a uniform plane tree, i.e., sampled from (1.3) corresponding to µ= 0. It follows
from the fact that h(Tn) admits sub-Gaussian tails [3, Theorem 1.2],

Zµ
n = E

[
e−µh(Tn )

]
∼Cn−1E

[
e−α||e||

]
where recall ||e|| = supt∈[0,1] e(t ) with e being a standard Brownian excursion. We can then repeat the arguments
above and analogously to (6.2) obtain a lower bound such that for any ϵ> 0 and n sufficiently large

n∑
m=M

e−µm(
Hn1,m+1 −Hn1,m

)≥ (1−ϵ)Cn1−1 E
[
e−α||e||

]
which, using the well-known fact Cn ∼ π−1/24nn−3/2, simply reproduces the lower bound found in (6.3). This
concludes the proof once multiplied by K .
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Proof of Theorem 1.15. As mentioned before, when µ is constant, the local limit was already identified in [19].
When µ → α > 0, the same analysis found in [19, Lemma 4.2] for the lower bound of the ball volumes can be
repeated: for δ > 0 and n sufficiently large, µ can be replaced by α−δ or α+δ wherever needed. Since δ is arbi-
trary, in the n →∞ limit one obtains the same ball volume which characterizes the local limit to be the same as
µ=α constant case.

In the 0 ≤µ≪ 1 case, we apply Lemma 6.3. Note that taking n →∞ then M →∞, the right hand side of (6.1) is
given by

2K ·2K ·4−|T0|

which is equal to ν(0)(B1/r (T0)) where ν(0) is the law of the uniform tree Tn . Remark 6.2 implies that any open
subset of t can be written as a disjoint union of balls. Then it follows from the Portemanteau theorem that the local
limit when 0 ≤µ≪ 1 is Kesten’s tree.

6.2 Condensation at the root away from the local regime

The goal of this section is to prove Theorem 1.16 regarding the asymptotic behaviour of the root degree in a ran-
dom tree Tn distributed according to (1.3). To do so, we start by providing the following proposition, showing the
asymptotic probability of the root degree to be a given value in the range of possibilities.

Proposition 6.4. Let µ= µn such that 1 ≪ µ≪ n1/4. Let Tn be a random tree sampled according to (1.3). Then, for
any fixed [−R,R], and ρ ∈ [−R,R], we have that

P
(

degTn
(∅) = ⌊2µ+ρpµ⌋

)
≥ (

1+o(1)
) e−ρ

2/12√
12πµ

,

where the o(1) term is uniformly small over ρ ∈ [−R,R].

Proof. Assume that R > 0 is fixed and ρ ∈ [−R,R]. We further write r = ⌊2µ+p
µρ⌋ for the rest of the proof and

assume without loss of generality that n is large enough so that r < n−1. We recall that Hn,m is the number of trees
of size n and height < m, as defined in (1.8).

To start the proof, note that a tree of height ≤ m and root degree r can be bijectively mapped with a forest of
r trees of height < m and whose total size equals n −1, by simply looking at the subtrees or branches emanating
from the offsprings of the root. By the last observation, the total number of trees of height m and root degree r is∣∣∣{T ∈ tn : h(T ) = m,degT (∅) = r

}∣∣∣= ∑
n1+···+nr =n−1

(
Hn1,m · · ·Hnr ,m −Hn1,m−1 · · ·Hnr ,m−1

)
,

where the sum is taken over ni ≥ 1. Using this formula, we obtain that

P
(
degTn

(∅) = r
)= 1

Zn

n−1∑
m=2

e−µm
∑

n1+...+nr =n−1

(
Hn1,m · · ·Hnr ,m −Hn1,m−1 · · ·Hnr ,m−1

)
= 1

Zn

∑
n1+...+nr =n−1

[
(eµ−1)

n−1∑
m=3

e−µm
r∏

i=1
Hni ,m−1 +e−µ(n−1)

r∏
i=1

Cni−1

]
.

Moreover, by considering an arbitrary ϵ= ϵn such that 1 ≫ ϵ≫ 1/(µ2n)1/6 ≍ (n/µ4)1/6/tn , Theorem 1.5 tells us that
we can reduce the previous sum over m by the sum over |m− tn | ≤ ϵtn . Further using that µ≫ 1, we obtain the first
approximate lower bound as

P
(
degTn

(∅) = r
)≥ (

1+o(1)
) eµ

Zn

∑
|m−tn |≤ϵtn

e−µm
∑

n1+...+nr =n−1

r∏
i=1

Hni ,m−1 .

In the case of this sum, since m ≥ (1− ϵ)tn ≫ 1, we can apply Theorem B.1 stating that, for any γ = γn ≫ 1 and
uniformly over any ni > γm2, we have that

Hni ,m−1 = 4n

m

tan2 π
m(

1+ tan2 π
m

)n +O

(
4n

m3

1(
1+ tan2 2π

m

)n

)
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= 4n

m

tan2 π
m(

1+ tan2 π
m

)n

[
1+O

(
e−

3nπ2

m2

)]
.

Since this approximation only works when ni is large enough, we split the sum over all ni in the approximation
of the probability according to whether ni ≤ γm2 or ni > γm2. Without loss of generality, and to simplify the
upcoming formulas, we further assume that γ is chosen so that γm2 is an integer. We also observe that there is
no constraint on the lower bound of the rate at which γ diverges. With that in mind, we can add finitely many
diverging upper bounds on γ and the result would still apply. For any such upper bound that we add to γ, we
mention that “γ can be chosen to diverge arbitrarily slowly”, having in mind that this means that the related result
holds as long as some undisclosed upper bound holds for γ.

To start the proof, observe that m ∼ tn here, so that

r m2

n
≍ µ

n

(
n

µ

)2/3

=
(µ

n

)1/3
.

Thus, by choosing γ diverging slowly enough (here meaning that γ(µ/n)1/3 ≪ 1), we can see that it is impossible
for all ni to be less than γm2. By further re-ordering the ni so that the first ones are larger than γm2, we see that

∑
n1+...+nr =n−1

r∏
i=1

Hni ,m−1 =
r∑

ℓ=1

(
r

ℓ

) ∑
{1≤nℓ+1,...,nr ≤γm2}

∑
{n1+...+nr =n−1:n1,...,nℓ>γm2}

r∏
i=1

Hni ,m−1 .

Write for now N = nℓ+1 + . . .+nr = O(γ(n2µ)1/3) = o(n). Using the approximation for Hni ,m−1 when ni > γm2, we
obtain that

∑
{n1+...+nr =n−1:n1,...,nℓ>γm2}

ℓ∏
i=1

Hni ,m−1 =
∑

{n1+...+nℓ=n−1−N :ni>γm2}

ℓ∏
i=1

4ni

m

tan2 π
m(

1+ tan2 π
m

)ni

[
1+O

(
e−

3nπ2

m2

)]

= 4n−1−Nπ2ℓ

m3ℓ

1(
1+ tan2 π

m

)n−1−N

[
1+O

(
e−

3nπ2

m2

)]ℓ (
n −2−N −ℓγm2

ℓ−1

)
.

It is now worth adding a constraint on ℓ to simplify the computations down the line.
The previous sum over ℓ covers the range 1, . . . ,r ∼ 2µ. However, computations show that only the terms ℓ∼ µ

with a window of size
p
µ contribute significantly to the sum. For this reason, and since we are still considering

a lower bound, thus allowing us to remove terms at our own discretion, we now focus on the terms |ℓ−µ| ≤ γ
p
µ

(assuming that γ≪p
µ, so that this set of ℓ is contained within [1,r ]). For any such ℓ, we now see that

2+N +ℓγm2 =O(γ(n2µ)1/3) = o(n) ,

from which we can deduce that(
n −2−N −ℓγm2

ℓ−1

)
= nℓ−1

(ℓ−1)!

ℓ−2∏
i=0

(
1− 2+N +ℓγm2 + i

n

)

= nℓ−1

(ℓ−1)!
exp

(
O

(
γℓ(n2µ)1/3

n

))
.

Using that we consider ℓ ∼ µ here, the O(·) term becomes O(γ(µ4/n)1/3) which, for γ diverging slowly enough, is

o(1). Further observing that ℓe−3nπ2/m2 ≪ 1, the above product on Hni ,m−1 simplifies to

∑
n1+...+nr =n−1

r∏
i=1

Hni ,m−1 ≥
(
1+o(1)

) ∑
|ℓ−µ|≤γpµ

(
r

ℓ

) ∑
1≤nℓ+1,...,nr ≤γm2

r∏
i=ℓ+1

Hni ,m−1
4n−1−Nπ2ℓ

m3ℓ

1(
1+ tan2 π

m

)n−1−N

nℓ−1

(ℓ−1)!

= (
1+o(1)

)( 4

1+ tan2 π
m

)n−1 ∑
|ℓ−µ|≤γpµ

(
r

ℓ

)
π2ℓnℓ−1

m3ℓ(ℓ−1)!

(
γm2∑
s=1

Hs,m−1

(
1+ tan2 π

m

4

)s)r−ℓ
,

where we recall that N = nℓ+1 + . . .+nr .
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Applying [12, Eq(9)] for θ→ 0, we know that

∞∑
s=1

1

4s Hs,m−1 = m −1

2m
.

Further recalling from Theorem B.1 that

Hs,m−1 =O

(
4s

m3

)
,

we can use the infinite sum to approximate the finite one and obtain

γm2∑
s=1

Hs,m−1

(
1+ tan2 π

m

4

)s

=
γm2∑
s=1

Hs,m−1

4s

[(
1+ tan2 π

m

)s
−1

]
− ∑

s>γm2

Hs,m−1

4s + m −1

2m

=
γm2∑
s=1

Hs,m−1

4s

[(
1+ tan2 π

m

)s
−1

]
+ 1

2
+O

(
1

m

)
.

Now, in order to bound the difference between the two finite sums, we can use that

s 7→
[(

1+ tan2 π

m

)s
−1

] m2e−γ

s
=

[
e

sπ2

m2 +O
(

s
m4

)
−1

]
m2e−9.9γ

s

is bounded by some constant C as long as 1 ≤ s ≤ γm2 and γ diverges slowly enough (we used here that π2 < 9.9).
It follows that

γm2∑
s=1

Hs,m−1

4s

[(
1+ tan2 π

m

)s
−1

]
≤Ce9.9γ

γm2∑
s=1

Hs,m−1

4s

s

m2 =O

(
e9.9γ γ

2m4

m5

)
=O

(
e10γ

m

)
,

where we used again that Hs,m−1 = O(4s /m3) and further that e9.9γγ2 ≪ e10γ. Pluggin this result back into the
approximation for the finite sum, we eventually obtain that

γm2∑
s=1

Hs,m−1

(
1+ tan2 π

m

4

)s

= 1

2
+O

(
e10γ

m

)
.

Recall now that r −ℓ ≍ µ along with m ≍ (n/µ)1/3 to see that (r −ℓ)/m ≍ (µ4/n)1/3 ≪ 1, allowing us to choose γ
diverging slowly enough such that

∑
n1+...+nr =n−1

r∏
i=1

Hni ,m−1 ≥
(
1+o(1)

)( 4

1+ tan2 π
m

)n−1 ∑
|ℓ−µ|≤γpµ

(
r

ℓ

)
π2ℓnℓ−1

m3ℓ(ℓ−1)!

1

2r−ℓ .

Moreover, using that |m − tn | ≤ ϵtn along with Proposition C.1 (1), we see that

m =
(

2π2n

µ

)1/3 [
1+O

((µ
n

)2/3
)
+O(ϵ)

]
.

Using that ϵ≫ 1/(µ2n)1/6 which implies that µϵ≫ (µ4/n)1/6, we can choose ϵ small enough so that it satisfies the
previous assumptions and further µϵ≪ 1. In that scenario, and using that ℓ∼µ, it follows that

m3ℓ ∼
(

2π2n

µ

)ℓ
,

which finally leads to

∑
n1+...+nr =n−1

r∏
i=1

Hni ,m−1 ≥
(
1+o(1)

)( 4

1+ tan2 π
m

)n−1 ∑
|ℓ−µ|≤γpµ

(
r

ℓ

)
π2ℓnℓ−1(

2π2n
µ

)ℓ
(ℓ−1)!

1

2r−ℓ

34



= (
1+o(1)

)( 4

1+ tan2 π
m

)n−1 1

n2r

∑
|ℓ−µ|≤γpµ

(
r

ℓ

)
µℓ

(ℓ−1)!
.

Relating this formula to the probability of the degree of the root, we eventually obtain that

P
(
degTn

(∅) = r
)≥ (

1+o(1)
) eµ

Zn

∑
|m−tn |≤ϵtn

e−µm
(

4

1+ tan2 π
m

)n−1 1

n2r

∑
|ℓ−µ|≤γpµ

(
r

ℓ

)
µℓ

(ℓ−1)!

= (
1+o(1)

) eµ

Zn

4n−1

n2r

∑
|ℓ−µ|≤γpµ

(
r

ℓ

)
µℓ

(ℓ−1)!

∑
|m−tn |≤ϵtn

e−nλµ/n (m) .

We now use two comparisons to the integral to conclude this proof.
As a first step, we refer to the proof of Proposition D.3 to see that

∑
|m−tn |≤ϵtn

e−nλµ/n (m) ∼ enλµ/n (tn )
p

2π
1p
3

(
2π2n

µ4

)1/6

,

which along with Theorem 4.1 and Proposition C.1 (2) leads to

P
(
degTn

(∅) = r
)≥ (

1+o(1)
) eµ

4ne2µ π5/6µ1/3

21/331/2n5/6

4n−1

n2r

p
2π

1p
3

(
2π2n

µ4

)1/6 ∑
|ℓ−µ|≤γpµ

(
r

ℓ

)
µℓ

(ℓ−1)!

= (
1+o(1)

) 1

2eµ2r

∑
|ℓ−µ|≤γpµ

(
r

ℓ

)
µℓ−1

(ℓ−1)!
.

For the final term, recall that r = ⌊2µ+ρpµ⌋ with ρ ∈ [−R,R] and let λ = (ℓ−µ)/
p
µ ∈ [−γ,γ]. Further assume for

now that 2µ+ρpµ is an integer (this can be obtained by replacing ρ with ρ̃ = ρ+O(1/
p
µ), but we prefer avoiding

the use of tilde for clarity of the formulas). Then, Stirling’s formula tells us that(
r

ℓ

)
µℓ−1

(ℓ−1)!
= (

1+o(1)
)√ 4πµ

(2πµ)3 exp

(
(2µ+ρpµ) log

(
2µ+ρpµ

)
− (µ+λpµ−1)log

(
µ+λpµ−1

eµ

)
− (µ+λpµ) log

(
µ+λpµ

)
− (µ+ (ρ−λ)

p
µ) log

(
µ+ (ρ−λ)

p
µ
))

.

Observe that, for any constant c > 0 and x > 0 possibly diverging, we have

(cµ+x
p
µ) log

(
cµ+x

p
µ
)
= (cµ+x

p
µ)

[
log(cµ)+ x

p
µ

cµ
− x2µ

2c2µ2 +O

(
x3

µ3/2

)]
= (cµ+x

p
µ) log(cµ)+x

p
µ+ x2

2c
+O

(
x3

p
µ

)
.

For x being equal to either ρ or λ, it is bounded by γ. Thus, we can choose γ diverging slowly enough so that the
O(·) term in the RHS above is always o(1). Plugging this formula in the previous equation, and simplifying the
terms, we obtain that(

r

ℓ

)
µℓ−1

(ℓ−1)!
= (

1+o(1)
) 1p

2πµ
exp

(
(2µ+ρpµ) log2+ ρ2

4
− λ2

2
− (ρ−λ)2

2
+µ− λ2

2

)
= (

1+o(1)
) eµ2r

p
2πµ

exp

(
− ρ2

4
− 3λ2

2
+ρλ

)
= (

1+o(1)
) eµ2r

p
2πµ

exp

(
− ρ2

12
− 3

2

(
λ− ρ

3

)2
)

.

Observe that, while we assumed here that ρ was such that 2µ+ρpµ was an integer, this assumption can now be
removed without loss of generality, since any O(1/

p
µ) error terms on ρ would not affect the asymptotic behaviour.
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Plugging this back into the lower bound for the probability P
(
degTn

(∅) = r
)
, we now see that

P
(
degTn

(∅) = r
)≥ (

1+o(1)
) 1

2eµ2r

∑
|ℓ−µ|≤γpµ

eµ2r

p
2πµ

exp

(
− ρ2

12
− 3

2

(
λ− ρ

3

)2
)

= (
1+o(1)

)e−ρ
2/12

p
8πµ

∑
|ℓ−µ|≤γpµ

exp

(
− 3

2

(
ℓ−µp
µ

− ρ

3

)2 )
.

To finally conclude this proof, observe that the Riemann approximation of the integral applies here, leading to

∑
|ℓ−µ|≤γpµ

exp

(
− 3

2

(
ℓ−µp
µ

− ρ

3

)2 )
∼p

µ

∫
R

e−
3(x−ρ)2

2 d x =
√

2µπ

3
.

The desired result then follows from plugging this formula in the previous equation.

Proof of Theorem 1.16. With this result the proof of the asymptotic distribution of the root is quite straightforward.
Indeed, for any t ∈R, we see that

P

(
degTn

(∅)−2µ√
6µ

≤ t

)
=P

(
degTn

(∅) ≤ ⌊2µ+ t
√

6µ⌋
)

≥√
6µ

∫ t

−R
P

(
degTn

(∅) = ⌊2µ+u
√

6µ⌋
)

du ,

for any R > t . Thus, by applying Proposition 6.4, it follows that

P

(
degTn

(∅)−2µ√
6µ

≤ t

)
≥ (

1+o(1)
)√

6µ
∫ t

−R

e−(
p

6u)2/12√
12πµ

du.

By first letting n →∞ using that the o(1) is uniformly small in [−R,R], and then letting R →∞, the right-hand side

above equals 1p
2π

∫ t
−∞ e−u2/2du, which is the distribution function of the standard normal random variable. The

Portmanteau theorem now finishes the proof.

Remark 6.5 (Local CLT). In fact, the same argument above shows that the inequality in the statement of Proposi-
tion 6.4 is in fact an equality, yielding a local CLT.
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A Bounding functions with polynomial factor and exponent

This section focuses on proving the single result below, which we later use for the proof of both Theorem B.1 and
Theorem D.1. The proof uses a method where exponentials are iterated until reaching the desired behaviour.

Lemma A.1. For any real number α ∈R and any two strictly positive numbers β,γ> 0, consider the function

Ft (x, y) = tα

xβ
exp

(
− t

yγ

)
.

Let a+ = a+(t ) be strictly positive and bounded, and ϵ= ϵ(t ) converging to 0 as t diverges. Then there exists k = k(t )
an integer depending on t and a sequence of increasing values (a0 ≤ . . . ≤ ak ) (implicitly depending on t) such that
a0 = ϵ, ak = a+, and satisfying

lim
t→∞

k∑
i=1

Ft (ai−1, ai ) = 0.

Proof. In order to prove the theorem, we directly provide a proper sequence and show that the desired sum con-
verges to 0. Before doing so, note that requiring a0 = ϵ is equivalent to requiring a0 ≤ ϵ as the sum is a decreasing
function of a0. Similarly, by observing that F (a,b) converges to 0 for any fix a,b > 0 and that the sum is increasing
with ak (at fixed k), we can assume without loss of generality that a+ = 1. Consider now the sequence defined
inductively by b0 = 1 and

bi+1 = exp

(
γt

2β
bi

)
.

Further define k = min{i : bi ≥ 1/ϵγ} and let ai = b−1/γ
k−i for 0 ≤ i ≤ k. We prove that (a0, . . . , ak ) satisfies all the

assumptions of the lemma.
Before proving that the desired sum converges to 0, let us show that the initial assumptions are met. By def-

inition, we see that ak = b−1/γ
0 = 1 since b0 = 1. Moreover, by the definition of k, we know that bk ≥ 1/ϵγ and so

a0 = b−1/γ
k ≤ ϵ. Finally, since ex ≥ x for any x ∈R and using that t can be chosen arbitrarily large, for example such

that t ≥ 2β/γ, we see that bi+1 ≥ bi and so ai+1 ≥ ai . This proves that all initial assumptions are met and we now
focus on proving the convergence of the sum.

Start by observing that, for any 1 ≤ i ≤ k, we have

Ft (ai−1, ai ) = tα

aβi−1

exp

(
− t

aγi

)
= tαbβ/γ

k−i+1 exp
(
− tbk−i

)
= tα exp

(
− t

2
bk−i

)
.

It follows that the sum can be re-written as

k∑
i=1

Ft (ai−1, ai ) =
k−1∑
i=0

tα exp

(
− t

2
bi

)
.

But now, use ex ≥ x +1 for any x ∈R and a simple induction to see that bi ≥ i , which leads to

k∑
i=1

Ft (ai−1, ai ) ≤
k−1∑
i=0

tα exp

(
− t

2
i

)
≤ tαe−t/2

1−e−t/2
,

and the desired convergence to 0 follows.

Corollary A.2. Let α ∈R be a real number and B ,Γ be two continuous functions. Define the function

Ft (x, y) = tα

B(x)
exp

(
− t

Γ(y)

)
.

Assume that B ,Γ are strictly positive on (0, a+] and that there exists Cβ,Cγ > 0 and β,γ > 0 such that B(x) ∼ Cβxβ

and Γ(x) ∼ Cγxγ when x → 0. Then, for any ϵ = ϵ(t ) converging to 0 as t diverges and ã+ = ã+(t ) ≤ a+, there exists
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k = k(t ) an integer depending on t and a sequence of increasing values (a0 ≤ . . . ≤ ak ) (implicitly depending on t)
such that a0 = ϵ, ak = ã+, and satisfying

lim
t→∞

k∑
i=1

Ft (ai−1, ai ) = 0.

Proof. From the assumption on B and Γ, we can find C > 0 such that, for any 0 ≤ x ≤ ã+, we have B(x) ≥ C−1xβ

and Γ(x) ≤C xγ. Now, let ϵ= a0 ≤ ·· · ≤ ak = ã+ be the sequence satisfying

lim
t→∞

k∑
i=1

tα

aβi−1

exp

(
− t

aγi

)
= 0,

which exists according to Lemma A.1. Then, we observe that this allows to bound the sum of Ft , as

k+1∑
i=1

Ft (ai−1, ai ) ≤
k∑

i=1

C tα

aβi−1

exp

(
− t

C aγi

)
=C 1+α k∑

i=1

(t ′)α

aβi−1

exp

(
− t ′

aγi

)
,

where we used the change of variable t ′ = t/C . Using that t →∞ if and only if t ′ →∞ along with the definition of
the ai proves the desired convergence to 0.

B Trees of bounded height

In this section, we provide some useful properties regarding the number of trees of bounded height. Recall from
(1.8) we let Hn,m be the number of trees of size n and height less than m, that is

Hn,m =
∣∣∣{T ∈ tn : h(t ) < m

}∣∣∣ .

A closed formula for Hn,m is already known [12, (14)] and is given by

Hn,m = 4n

m +1

⌊m/2⌋∑
k=1

sin2
(
πk

m +1

)
cos2n−2

(
πk

m +1

)
= 4n

m +1

⌊m/2⌋∑
k=1

tan2
(
πk

m+1

)
(
1+ tan2

(
πk

m+1

))n . (B.1)

Using this formula, we now prove the following theorem, bounding Hn,m for some choices of m.

Theorem B.1. Let hn be such that 4 ≤ hn ≪p
n. Then, for any 4 ≤ m ≤ hn , we have

Hn,m = 4n

m +1

tan2
(

π
m+1

)(
1+ tan2

(
π

m+1

))n +O

(
4n

m3

1(
1+ tan2

( 2π
m+1

))n

)

= (
1+o(1)

) 4n

m +1

tan2
(

π
m+1

)(
1+ tan2

(
π

m+1

))n

where the o(·) and O(·) terms only depend on hn , and are uniformly bounded over all such m. Moreover, the second
asymptotic equality trivially holds when m ∈ {2,3}.

Proof. Let hn satisfy the conditions and consider 4 ≤ m ≤ hn . Observe that the result is equivalent to saying that
the first two terms of (B.1) dominate the sum, with the first term being the dominant one. The fact that the second
term is negligible with respect to the first one directly follows from their ratio being an exponential with a diverging
term (recalling that m ≤ hn and n/h2

n ≫ 1). Thus, we now prove that the term k = 2 dominates all the terms
corresponding to k ≥ 2 in (B.1).

Consider first the case m finite. In that case Hn,m is a finite sum of exponential terms in n with negative expo-
nents. Moreover all exponents are distinct, so only the exponent of minimal value contributes to the asymptotic
behaviour. Further using that m ≥ 4 so that the sum has at least two terms, we see that the given asymptotic be-
haviour holds. Since this is true for m fixed and n →∞, we can also directly extend it to m̃ = m̃n diverging slowly
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enough (for example m̃ = (1−ϵ)
√

3π2n/logn for any ϵ> 0 works, but the exact rate is not relevant to the rest of the
proof). Thus the first statement of the lemma is proven for all 4 ≤ m ≤ m̃ and we now focus on m̃ ≤ m ≤ hn (assum-
ing that m̃ ≤ hn). For the rest of the proof we repeatedly use that, under the assumption that m̃ ≤ m ≤ hn ≪p

n,
any o(·) and O(·) terms related to the fact that m or n/m2 both diverge to infinity is uniform over all such m.

To extend the result of the lemma to all m ≤ hn , we first prove that the terms of the sum with k > logm are
negligible. Let us observe that, for any α,β> 0 such that α+β<π/2, we have

1+ tan2(α+β) = 1+
(

tanα+ tanβ

1− tanα tanβ

)2

=
(
1+ tan2α

)(
1+ tan2β

)(
1− tanα tanβ

)2 ≥ (
1+ tan2α

)(
1+ tan2β

)
.

Following this inequality, a simple induction leads to

1+ tan2
(
πk

m +1

)
≥

(
1+ tan2

( π

m +1

))k
.

Using this bound along with the fact that k 7→ tan2(πk/(m +1)) is increasing, we observe that

∑
logm≤k≤m/2

tan2
(
πk

m+1

)
(
1+ tan2

(
πk

m+1

))n ≤ tan2
(

πm

2(m +1)

) ∑
logm≤k≤m/2

1(
1+ tan2

(
π

m+1

))kn

≤ tan2
(
π

2
− π

2(m +1)

)
1(

1+ tan2
(

π
m+1

))n logm

1

1− (
1+ tan2

(
π

m+1

))−n

= (
1+o(1)

)4m2

π2 e
− πn

(m+1)2 logm+O
(

n logm

m4

)

Recall that the second term is of order

tan2
( 2π

m+1

)(
1+ tan2

( 2π
m+1

))n = (
1+o(1)

)4π2

m2 e
− 4nπ2

(m+1)2 +O
(

n
m4

)

to see that (
1+ tan2

( 2π
m+1

))n

tan2
( 2π

m+1

) ∑
logm≤k≤m/2

tan2 πk
m+1(

1+ tan2 πk
m+1

)n ≤ (
1+o(1)

)m4

π4 e−(1+o(1)) nπ2

m2 logm .

The fact that the sum for k ≥ logm is of smaller order than the second term simply follows from the fact that n/m2

diverges and that m4e−x logm converges to 0 as m, x →∞. We now prove that the rest of the sum is negligible.
Observe that, uniformly over any m̃ ≤ m ≤ hn and 2 ≤ k < logm, we have

tan2
(
πk

m+1

)
(
1+ tan2

(
πk

m+1

))n = (
1+o(1)

)π2k2

m2 e
− π2k2n

(m+1)2 +O
(

nk4

m4

)
= e−(1+o(1)) π

2k2n
m2 .

From this behaviour, we see that the terms are decreasing in k. Thus, for any 3 ≤ a ≤ b < logm, using the minimal
term to bound the sum along with the fact that a ≤ b, it follows

(
1+ tan2

( 2π
m+1

))2

tan2
( 2π

m+1

) b∑
k=a

tan2
(
πk

m+1

)
(
1+ tan2

(
πk

m+1

))n ≤ (
1+o(1)

)
b3e

−(1+o(1)) π
2(a2−4)n
(m+1)2 ,

where all o(·) terms are uniform over all the parameters considered here. Apply now Corollary A.2 with α = 0,
B(x) = x3, Γ(x) = x2/(4−x2), a+ = 1/3, mapping t with π2n/(m+1)2, and ϵ= 1/logn to find a0 ≤ ·· · ≤ aK such that

lim
n→∞

K∑
i=1

1

a2
i−1

exp

(
−

(
1

a2
i

−1

)
π2n

(m +1)2

)
= 0.
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Using this sequence and combining with the previous inequality, we obtain that

(
1+ tan2

( 2π
m+1

))2

tan2
( 2π

m+1

) ∑
3≤k<logm

tan2
(
πk

m+1

)
(
1+ tan2

(
πk

m+1

))n =
K∑

i=1

(
1+ tan2

( 2π
m+1

))2

tan2
( 2π

m+1

) ∑
1/ai≤k<1/ai−1

tan2
(
πk

m+1

)
(
1+ tan2

(
πk

m+1

))n

≤ (
1+o(1)

) K∑
i=1

1

a2
i−1

exp

(
−

(
1

a2
i

−1

)
π2n

(m +1)2 +O

(
n log4 n

m4

))
,

where we used the monotonicity of the upper bound (increasing with ai and decreasing with ai−1) to relax the
integer constraints. By the definition of the ai terms, the upper bound converges to 0 and so the sum of the terms
from 3 to logn are negligible with respect to the second term. Combined with the fact that the sum after logn is
also negligible proves the desired result.

The number of trees of bounded height is very useful in order to characterize the behaviour of the partition
function Zn introduced in (1.4), as its definition implies that

Zµ
n = ∑

T∈tn

e−µh(T ) =
n∑

m=1

(
Hn,m+1 −Hn,m

)
e−µm .

Moreover, using that Hn,m = Cn−1 whenever m ≥ n and that Hn,1 = 0 (assuming n > 1), we see that the previous
formula re-writes as

Zµ
n =Cn−1e−µ(n−1) +eµ(eµ−1)

n−1∑
m=2

Hn,me−µ(m+1) . (B.2)

Thus, it is rather natural to introduce the sum

Wn =W µ
n = 1

4n

n∑
m=3

Hn,m−1e−µm , (B.3)

which itself contains all of the non-trivial asymptotic behaviour of Zn , as stated by the following lemma.

Lemma B.2. Let µ=µn be such that µ≫ 1/
p

n. Then, Zn as defined in (1.4) is related to Wn introduced in (B.3) by

Zn = (
1+o(1)

)
4neµ(eµ−1)Wn

Proof. The statement of this lemma simply says that the term Cn−1e−µ(n−1) can be ignored in the formula (B.2). To
see that it is the case, first note that, for any m ≤ n,

Wn ≥ 1

4n Hn,me−µm ≥ tan2 π
m

m

e−µm(
1+ tan2 π

m

)n ,

from which it follows that, for any m ≫ 1, we have

Cn−1e−µ(n−1)

4neµ(eµ−1)Wn
≤ (

C +o(1)
) m3

n3/2

1

eµ−1
exp

(
−µ(n −m)+ nπ2

m2 +O
( n

m4

))
.

Use now m = ⌊pn⌋ to obtain that

Cn−1e−µ(n−1)

4neµ(eµ−1)Wn
≤ (

C +o(1)
)e−(1+o(1))µn

eµ−1
.

Recalling that µ≫ 1/
p

n, we see that the right-hand side necessarily converges to 0 and so the asymptotic be-
haviour of Zn is characterized by the term Wn . Observe that the convergence occurs further away than µ≫ 1/

p
n

and can be pushed as far as µ≫ (logn)/n with the same method. However, we do not need this result to go further
than 1/

p
n and so keep it as is here.
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C Exponent of the partition function

Thanks to Lemma B.2, we see that characterizing the behaviour of Zn is similar to characterizing the behaviour of
Wn . Furthermore, combining the formula of Wn from (B.3) along with Theorem B.1, we see that, approximately,

Wn ≍
n∑

m=3

tan2
(
π
m

)
m

e−µm(
1+ tan2

(
π
m

))n .

Observe that this approximation only works as long as the trees contributing to the partition function all have their
height of smaller order than

p
n. While this might seem like a circular argument, we in fact prove that only the

trees of height ≪p
n contribute to Wn , and only intend to provide a high level view of the argument here.

In order to characterize this sum, we see that the first fraction in the sum behaves as a polynomial, whereas the
second one has exponential terms. It is thus natural to focus on the behaviour of the exponential terms in order to
characterize Wn , as we expect them to be the main contributor to the sum. We now use this observation to define
and study the exponent function.

At this point, it is useful to redefine for convenience the function λx for any x > 0 and its minimizer tx , already
defined in (1.6),

λx (t ) = xt + log
(
1+ tan2 π

t

)
, (C.1)

whose domain is t ∈ (2,∞). From this definition, we directly see that λx diverges to ∞ when t approaches any of
its boundary, implying that it admits a minimum (non necessarily unique). Further noting that

λ′
x (t ) = x − 2π

t 2 tan
π

t
,

we see that λx is strictly convex and thus the minimum tx is unique. Observe that tx satisfies

x = 2π

t 2
x

tan
π

tx
.

We now provide an important result regarding the asymptotic behaviour of tx and λx when x converges to 0.

Proposition C.1. Let x > 0 and λx be the function defined in (C.1). Let tx be the minimizer of λx . Then, as x
converges to 0, we have the following asymptotic behaviour.

(1) The minimizer tx of the function satisfies

tx =
(

2π2

x

)1/3 [
1+ 1

9

(πx

2

)2/3
+O

(
x4/3)]=

(
2π2

x

)1/3

+O
(
x1/3)

(2) The minimum of the function satisfies

λx (tx ) = 3
(πx

2

)2/3
+ 1

6

( x

2π

)4/3
+O

(
x2) ,

(3) For any ϵ= ϵx converging to 0 as x goes to 0 (allowed to be negative), the asymptotic behaviour of λx at (1+ϵ)tx

is given by

λx
(
(1+ϵ)tx

)−λx (tx ) = 3
(πx

2

)2/3
ϵ2 +O

(
ϵ3x2/3 +ϵ2x4/3) ,

and the O(·) term is uniform over any window of the form [−δ,δ] for δ= δx ≪ 1.

Proof. We start with the behaviour of tx as given in (1). Since the second equality directly follows from the first
one, we only show that the first asymptotic holds. While the method to obtain this result in the first place requires
inductively deducting the terms of tx , we now simply verify that the given formula satisfies our assumption. In-
deed, by first observing that tx necessarily diverges to ∞ when x converges to 0, and by using the Taylor expansion
of the tangent function, we obtain

2π

t 2
x

tan

(
π

tx

)
= 2π

t 2
x

(
π

tx
+ π3

3t 3
x
+O

(
1

t 5
x

))
= 2π2

t 3
x

+ 2π4

3t 5
x
+O

(
1

t 7
x

)
.

41



Thus, replacing tx by the given formula leads to

2π

t 2
x

tan2
(
π

tx

)
= 2π2

2π2

x

[
1− 1

3

(πx

2

)2/3
+O

(
x4/3)]+ 2π4

3
(

2π2

x

)5/3

[
1+O

(
x2/3)]+O

(
x7/3)

= x +
[

2π4

3(2π2)5/3
− 1

3

(π
2

)2/3
]

x5/3 +O
(
x7/3) .

Observe that the x5/3 order term in the previous formula is actually multiplied by 0. This implies that the approx-
imation is correct and furthermore we see that the O(·) terms are exactly the right order as it matches the terms
from the expansion of the tangent function. We now move on to the asymptotic behaviour of λx .

Starting with the definition of λx from (C.1), since tx diverges, we have

λx (tx ) = xtx + log

(
1+

(
π

tx
+ π3

3t 3
x
+O

(
1

t 5
x

))2)

= xtx + log

(
1+ π2

t 2
x

(
1+ 2π2

3t 2
x
+O

(
1

t 4
x

)))
= xtx +

[
π2

t 2
x

(
1+ 2π2

3t 2
x
+O

(
1

t 4
x

))
− 1

2

π4

t 4
x

(
1+O

(
1

t 2
x

))
+O

(
1

t 6
x

)]
= xtx + π2

t 2
x
+ π4

6t 4
x
+O

(
1

t 6
x

)
.

To prove (2), plug in this equation the previous asymptotic behaviour of tx to obtain

λx (tx ) = x

(
2π2

x

)1/3 [
1+ 1

9

(πx

2

)2/3
+O

(
x4/3)]+ π2(

2π2

x

)2/3

[
1− 2

9

(πx

2

)2/3
+O

(
x4/3)]

+ π4

6
(

2π2

x

)4/3

[
1+O

(
x2/3)]+O

(
x2)

= 3
(πx

2

)2/3
+ 1

6

( x

2π

)4/3
+O

(
x2) ,

as desired.
Finally, for (3), start with the definition of λx from (C.1) to see that

λx
(
(1+ϵ)tx

)−λx (tx ) = xϵtx + log

1+ tan2
(

π
(1+ϵ)tx

)
1+ tan2

(
π
tx

)
 .

Now, using the trigonometric identity

1+ tan2(α+β) = 1+
(

tanα+ tanβ

1− tanα tanβ

)2

=
(
1+ tan2α

)(
1+ tan2β

)(
1− tanα tanβ

)2

with α=π/tn and β=−πϵn/((1+ϵn)tn) leads to

λx
(
(1+ϵ)tx

)−λx (tx ) = xϵtx + log

 1+ tan2
(

πϵ
(1+ϵ)tx

)
(
1+ tan π

tx
tan

(
πϵ

(1+ϵ)tx

))2

 .

Using that ϵ ≪ 1 and tx ≫ 1, all the terms within the logarithm can be extended using Taylor approximation.
Moreover, we recall that tx being the minimum of λx , it satisfies

x = 2π

t 2
x

tan

(
π

tx

)
,
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which leads to the following approximation

λx
(
(1+ϵ)tx

)−λx (tx ) = xϵtx +
[

π2ϵ2

(1+ϵ)2t 2
x
−2tan

(
π

tx

)
πϵ

(1+ϵ)tx
+O

(
ϵ2

t 4
x

)]
= xϵtx + π2ϵ2

(1+ϵ)2t 2
x
− xϵtx

1+ϵ +O

(
ϵ2

t 4
x

)
=

[
(1+ϵ)xtx + π2

t 2
x

]
ϵ2

(1+ϵ)2 +O

(
ϵ2

t 4
x

)
.

To conclude the proof, simply use the asymptotic value of tx obtained above to find that

λx
(
(1+ϵ)tx

)−λx (tx ) =
(πx

2

)2/3 [
2(1+ϵ)

[
1+O

(
x2/3)]+ [

1+O
(
x2/3)]] ϵ2

(1+ϵ)2 +O
(
ϵ2x4/3)

= 3
(πx

2

)2/3
ϵ2 +O

(
ϵ3x2/3 +ϵ2x4/3) .

The uniformity of the O(·) terms directly comes from the fact that all terms depending on x are used within the
O(·) and not as constants.

D Asymptotic of the partition function: part I

The goal of this section is to show the following theorem, stating the asymptotic behaviour of the term Wn intro-
duced in (B.3).

Theorem D.1. Let µ=µn be such that 1/
p

n ≪µ≪ n1/4. Then, as n diverges to infinity, the sum Wn defined in (B.3)
satisfies

Wn = (
1+o(1)

) π5/6

21/331/2

µ1/3

n5/6
exp

(
−3

(
π2µ2n

4

)1/3)
.

Due to its proof being rather intricate, we split it into three sub-sections. We start by focusing on the terms
of the sum which end up being the main contributors (in Section D.1), then prove that the remaining terms are
negligible (in Section D.2), and finally combine all the different results together to prove that Theorem D.1 holds
(in Section D.3).

D.1 Main contribution

In this section we focus on the part of the sum that contributes the most in the sum of Wn as defined in (B.3). This
corresponds to the terms close to tn where tn is the minimizer of the functionλµ/n , defined in (C.1). Before proving
the desired convergence, we provide a quick lemma regarding the integral approximation of a Gaussian sum.

Lemma D.2. Let µn ,σn be arbitrary (with σn > 0) and ℓn ,rn ≫ 1 as well as ℓn/σn ,rn/σn ≫ 1. Then, we can ap-
proximate the gaussian integral with the sum from µn −ℓn to µn + rn as such∣∣∣∣∣ ∑

µn−ℓn<m<µn+rn

exp

(
− (m −µn)2

2σ2
n

)
−p

2πσn

∣∣∣∣∣≤ 1+o(σn) .

Proof. Using that u 7→ e−u2/2σ2
n is decreasing on [0,∞), for any m ≥ ⌈µn⌉+1 ≥µn +1, the comparison to the integral

gives us that

exp

(
− (m −µn)2

2σ2
n

)
≤

∫ m

m−1
exp

(
− (u −µn)2

2σ2
n

)
du ≤ exp

(
− (m −µn −1)2

2σ2
n

)
.

Thus, by summing on m from ⌈µn⌉+1 to ⌈µn + rn⌉−1, a telescopic sum appears and leads to

0 ≤
∫ ⌈µn+rn⌉−1

⌈µn⌉
exp

(
− (u −µn)2

2σ2
n

)
du −

⌈µn+rn⌉−1∑
m=⌈µn⌉+1

exp

(
− (m −µn)2

2σ2
n

)
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≤ exp

(
− (⌈µn⌉−µn)2

2σ2
n

)
−exp

(
− (⌈µn + rn⌉−µn −1)2

2σ2
n

)
≤ exp

(
− (⌈µn⌉−µn)2

2σ2
n

)
.

Observe that by subtracting the last term everywhere and reversing all inequality by multiplying them with −1, this
is the same as

0 ≤
⌈µn+rn⌉−1∑

m=⌈µn⌉
exp

(
− (m −µn)2

2σ2
n

)
−

∫ ⌈µn+rn⌉−1

⌈µn⌉
exp

(
− (u −µn)2

2σ2
n

)
du

≤ exp

(
− (⌈µn⌉−µn)2

2σ2
n

)
In a similar manner, using that u 7→ e−u2/2σ2

n is increasing on (−∞,0] and by summing over m from ⌊µn −ℓn⌋+1 to
⌈µn⌉−1, we obtain

0 ≤
⌈µn⌉−1∑

m=⌊µn−ℓn⌋+1
exp

(
− (m −µn)2

2σ2
n

)
−

∫ ⌈µn⌉−1

⌊µn−ℓn⌋
exp

(
− (u −µn)2

2σ2
n

)
du

≤ exp

(
− (⌈µn⌉−µn −1)2

2σ2
n

)
−exp

(
− (⌊µn −ℓn⌋−µn)2

2σ2
n

)
≤ exp

(
− (⌈µn⌉−µn −1)2

2σ2
n

)
.

Before concluding, observe that, as m is an integer, we have that m <µn +rn is equivalent to m ≤ ⌈µn +rn⌉−1 and
m > µn −ℓn is equivalent to m ≥ ⌊µn −ℓn⌋+ 1. Thus, if we combine the previous two displayed inequalities we
obtain on one hand that∑

µn−ℓn<m<µn+rn

exp

(
− (m −µn)2

2σ2
n

)
−

∫ ⌈µn+rn⌉−1

⌊µn−ℓn⌋
exp

(
− (u −µn)2

2σ2
n

)
du ≥−

∫ ⌈µn⌉

⌈µn⌉−1
e−(u−µn )2/2σ2

n du .

Observing that the exponential term is less than 1, the lower bound is itself larger than −1. On the other hand, we
have that ∑

µn−ℓn<m<µn+rn

exp

(
− (m −µn)2

2σ2
n

)
−

∫ ⌈µn+rn⌉−1

⌊µn−ℓn⌋
exp

(
− (u −µn)2

2σ2
n

)
du

≤ exp

(
− (⌈µn⌉−µn)2

2σ2
n

)
+exp

(
− (⌈µn⌉−µn −1)2

2σ2
n

)
−

∫ ⌈µn⌉

⌈µn⌉−1
e−(u−µn )2/2σ2

n du ,

and by observing that the integral is larger than the minimum of the two other values and using that the exponen-
tial terms are less than 1, we can replace the upper bound by 1. The two previous results thus imply that∣∣∣∣∣ ∑

µn−ℓn<m<µn+rn

exp

(
− (m −µn)2

2σ2
n

)
−

∫ ⌈µn+rn⌉−1

⌊µn−ℓn⌋
exp

(
− (u −µn)2

2σ2
n

)
du

∣∣∣∣∣≤ 1.

To conclude the proof, simply recall ℓn/σn and rn/σn both diverge to see that∫ ⌈µn+rn⌉−1

⌊µn−ℓn⌋
exp

(
− (u −µn)2

2σ2
n

)
du =σn

∫ ⌈µn+rn ⌉−1−µn
σn

⌊µn−ℓn ⌋−µn
σn

exp

(
−u2

2

)
du

=σn

(p
2π+o(1)

)
,

leading to the desired result.

With this lemma and the results from Section C regarding the exponent function λx , we now have all the tools
to prove the asymptotic behaviour of the main terms of the sum in (B.3).
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Proposition D.3. Recall tµ/n is the minimizer of λµ/n . Let ϵn be such that ϵn ≪ 1 and ϵn tn ≫ 1. Further assume that
ϵn(µ2n)1/6 ≫ 1. Then, under these assumptions, we have that

1

4n

∑
|m−tµ/n |<ϵn tµ/n

Hn,m−1e−µm = (
1+o(1)

) π5/6

21/331/2

µ1/3

n5/6
exp

(
−3

(
π2µ2n

4

)1/3)
.

Proof. We start by recalling that we assume here that 1/
p

n ≪ µ≪ n1/4. Moreover, we observe that this implies
that µ/n ≪ 1 and so we can apply the results of Proposition C.1 to x = µ/n. In that scenario, and since tµ/n is of
order (n/µ)1/3 and that ϵn ≪ 1, we can see that 1 ≪ (1−ϵ)tn ≤ (1+ϵn)tµ/n ≪p

n. Thus we can uniformly apply the
approximation of Hn,m−1 from Theorem B.1 and see that

1

4n

∑
|m−tµ/n |<ϵn tµ/n

Hn,m−1e−µm = (
1+o(1)

) 1

4n

∑
m

4n

m

tan2
(
π
m

)(
1+ tan2

(
π
m

))n e−µm

= (
1+o(1)

)π2

t 3
n

∑
m

e−nλµ/n (m) ,

where we used the fact that ϵn ≪ 1 and tn ≫ 1 to remove the polynomial terms out of the sum. Now, for any
sequence m = mn between (1 − ϵn)tµ/n and (1 + ϵn)tµ/n , the sequence γn = m/tµ/n − 1 ≪ 1 and we can apply
Proposition C.1 (3) to obtain that

e−nλµ/n (m) = e−nλµ/n (tµ/n ) exp

(
−n

(
3+o(1)

)(πµ
2n

)2/3
γ2

n

)
,

where the o(·) term is uniform over such m. Thus, plugging this formula back into the previous sum and replacing
γn by its value in relation to m, we obtain

1

4n

∑
|m−tµ/n |<ϵn tµ/n

Hn,m−1e−µm = (
1+o(1)

) π2

t 3
µ/n

e−nλµ/n (tµ/n )
∑
m

e
−n 3+o(1)

t2
µ/n

( πµ
2n

)2/3
(m−tµ/n )2

.

Consider now the statement of Lemma D.2 with µ = tµ/n , 2σ2
n = 1

n

t 2
µ/n

3+o(1)

(
2n
πµ

)2/3
, and ℓn ,rn = ϵn tµ/n . First of all,

thanks to the asymptotic behaviour of tµ/n following from Proposition C.1 (1), we establish that

σ2
n = (

1+o(1)
) 1

n

(
2π2n

µ

)2/3
1

6

(
2n

πµ

)2/3

= (
1+o(1)

)1

3

(
2π2n

µ4

)1/3

.

It is worth noting that the assumption that µ≪ n1/4 implies that σn →∞. Now, we already know that ℓn = rn ≫ 1
since ϵn tµ/n ≫ 1. For the second assumption, observe that

ℓn

σn
= (

1+o(1)
)
ϵn

(
2π2n

µ

)1/3p
3

(
µ4

2π2n

)1/6

= (
C +o(1)

)
ϵn(µ2n)1/6 ,

which diverges once again thanks to the assumption on ϵn . This means that we can apply Lemma D.2 to the sum
above and, further using that σn →∞, obtain

1

4n

∑
|m−tµ/n |<ϵn tµ/n

Hn,m−1e−µm = (
1+o(1)

) π2

t 3
µ/n

e−nλµ/n (tµ/n )
p

2πσn .

To conclude this proof recall the asymptotic behaviour of tµ/n and σn as well as that of λµ/n(tµ/n) from Proposi-
tion C.1 (1) and (2) to see that

1

4n

∑
|m−tµ/n |<ϵn tµ/n

Hn,m−1e−µm = (
1+o(1)

) π2

2π2n
µ

e
−3n

( πµ
2n

)2/3+O
(
n

( µ
n

)4/3
)p

2π
1p
3

(
2π2n

µ4

)1/6

= (
1+o(1)

) π5/6

21/331/2

µ1/3

n5/6
e
−3

(
π2µ2n

4

)1/3

,

where we used that O(n(µ/n)4/3) =O((µ4/n)1/3) = o(1). This result is exactly the claimed asymptotic behaviour.
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D.2 Negligible terms

We now prove that Theorem D.1 holds by showing that the terms away from tµ/n in the sum (B.3) are negligible,
where tµ/n is the location of the minimum of the function λµ/n from (C.1). Before doing so, we consider the se-
quence of terms defined by

Xn,m = 1

4n

n5/6

µ1/3
Hn,m−1 exp

(
−µm +3

(
π2µ2n

4

)1/3)
, (D.1)

which exactly correspond the terms of the definition of Wn in (B.3) divided by the desired asymptotic behaviour
of Wn from Theorem D.1 (up to constant terms). Thus, thanks to Proposition D.3 which shows that the main
contribution of the terms in Wn has the desired asymptotic behaviour, it suffices to show that the sum of the Xn,m

when |m − tµ/n | ≥ ϵn tµ/n converges to 0 for some appropriate ϵn . We divide this proof in two parts, depending on
the absolute value of m − tµ/n . We start with the easiest one of the two, corresponding to m − tµ/n > 0.

Proposition D.4. Recall tµ/n = argmint∈(0,2)λµ/n(t ), and Xn,m be as defined as in (D.1), and ϵn ≪ 1 be such that

ϵn tn ≫ 1 and ϵ2
n(µ2n)1/3 ≫ log(µ2n). Then, the sum over m ≥ (1+ϵn)tµ/n of Xn,m is negligible, as given by

lim
n→∞

∑
(1+ϵn )tµ/n≤m≤n

Xn,m = 0.

Proof. We prove this bound by splitting the sum in two parts. For the highest values of m, namely m > ctµ/n for
some fixed c > 0, we crudely use that Hn,m−1 ≤Cn−1 where Cn−1 is the (n−1)-th Catalan number. This implies that

∑
m≥ctµ/n

Xn,m ≤ Cn−1

4n

n5/6

µ1/3
exp

(
3

(
π2µ2n

4

)1/3) ∑
m≥ctµ/n

e−µm

≤ Cn−1

4n

n5/6

µ1/3

1

1−e−µ
exp

(
3

(
π2µ2n

4

)1/3

−µctµ/n

)
.

We now recall that Cn−1/4n ∼ 1/(4
p
πn3/2) and that Proposition C.1 (1) tells us that

tµ/n =
(

2π2n

µ

)1/3

+O

((µ
n

)1/3
)

.

Moreover, using that eµ ≥ 1+µ, we can check that 1/(1−e−µ) ≤ (1+µ)/µ. Finally, combining the previous remarks,
it follows that

∑
m≥ctµ/n

Xn,m ≤ 1

4
p
π

(1+µ)

n2/3µ4/3
exp

(
3

(
π2µ2n

4

)1/3

− c
(
2π2µ2n

)1/3 +O

((
µ4

n

)1/3))

= 1+o(1)

4
p
π

(1+µ)

(µ2n)2/3
exp

(
−(2c −3)

(
π2µ2n

4

)1/3)
.

Thus, for any 2c −3 > 0, the right-hand side converges to 0 as desired. Without loss of generality, we now fix c = 2.
For the rest of the sum, we aim to bound Xn,m when (1+ϵn)tµ/n ≤ m < 2tµ/n . Observe that 2tµ/n ≪p

n so that
the result from Theorem B.1 applies and we have

∑
(1+ϵn )tµ/n≤m<2tµ/n

Xn,m = 1+o(1)

4n

n5/6

µ1/3

∑
m

4n

m

tan2
(
π
m

)(
1+ tan2

(
π
m

))n exp

(
−µm +3

(
π2µ2n

4

)1/3)
.

Now recalling the definition of λx from (C.1) and using that tan2π/m ∼ π2/m2 uniformly for all m in the limit of
the sum, we see that the previous equation re-writes as

∑
(1+ϵn )tµ/n≤m<2tµ/n

Xn,m = (
1+o(1)

)n5/6

µ1/3

∑
m

π2

m3 exp

(
−nλµ/n(m)+3

(
π2µ2n

4

)1/3)
.
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Using that m 7→ e−nλµ/n (m) and m 7→ 1/m3 are both decreasing when m ≥ tµ/n , it follows that∑
(1+ϵn )tµ/n≤m<2tµ/n

Xn,m

≤ (
1+o(1)

)n5/6

µ1/3

(
2tµ/n − (1+ϵn)tµ/n

) π2

((1+ϵn)tµ/n)3 exp

(
−nλµ/n

(
(1+ϵn)tµ/n

)+3

(
π2µ2n

4

)1/3)
.

To conclude this proof, first recall that ϵn ≪ 1 and tµ/n ∼ (2π2n/µ)1/3, along with the asymptotic behaviour of
λµ/n(tµ/n) and λµ/n((1+ϵn)tµ/n) from Proposition C.1 (2) and (3), to see that

∑
(1+ϵn )tµ/n≤m<2tµ/n

Xn,m ≤ (
1+o(1)

)n5/6

µ1/3

π2(
2π2n
µ

)2/3
exp

(
−(

3+o(1)
)(π2µ2n

4

)1/3

ϵ2
n

)
.

To conclude the proof, simply note that

n5/6

µ1/3

π2(
2π2n
µ

)2/3
=

(
π4µ2n

16

)1/6

and recall that we assume that ϵ2
n(µ2n)1/3 ≫ log(µ2n), which is exactly the desired assumption to prove the con-

vergence to 0 of the above right-hand side. This proves that the second part of the sum over m also converges to 0,
thus proving the statement of the lemma.

Proposition D.5. Recall tµ/n = argmint∈(0,2)λµ/n(t ), and let Xn,m be defined as in (D.1), and ϵn ≪ 1 be such that

ϵn tµ/n ≫ 1 and ϵ2
n(µ2n)1/3 ≫ log(µ2n). Then, the sum over m ≤ (1−ϵn)tµ/n of Xn,m is negligible, i.e.,

lim
n→∞

∑
3≤m≤(1−ϵn )tµ/n

Xn,m = 0.

Proof. Similar to the proof of Proposition D.4, we need to split the sum in two parts in order to prove the desired
convergence. Fix for now δ ∈ (0,1) arbitrary. For the values of m closest to tµ/n , use the asymptotic behaviour of
Hn,m from Theorem B.1, along with the divergence of m and the definition of λµ/n from (C.1) to see that

∑
δtµ/n≤m≤(1−ϵn )tµ/n

Xn,m = (
1+o(1)

)n5/6

µ1/3
exp

(
3

(
π2µ2n

4

)1/3)∑
m

π2

m3 e−nλµ/n (m) .

Further using the fact that m 7→ λµ/n(m) and m 7→ 1/m3 are decreasing on the set of m considered here, we can
bound the terms of the sum by taking the extreme values and obtain

∑
δtµ/n≤m≤(1−ϵn )tµ/n

Xn,m ≤ (
1+o(1)

)n5/6

µ1/3

π2

δ3t 2
n

exp

(
3

(
π2µ2n

4

)1/3

−nλµ/n
(
(1−ϵn)tµ/n

))
.

To conclude this first part of the proof, simply recall the asymptotic behaviour of tµ/n and of λµ/n from Proposi-
tion C.1 (1), (2) and (3) to obtain

∑
δtµ/n≤m≤(1−ϵn )tµ/n

Xn,m ≤ (
1+o(1)

)n5/6

µ1/3

π2

δ3
(

2π2n
µ

)2/3
exp

(
−(

3+o(1)
)(π2µ2n

4

)1/3

ϵ2
n

)

≤ (
1+o(1)

) (π4µ2n)1/6

δ3 exp

(
−(

3+o(1)
)(π2µ2n

4

)1/3

ϵ2
n

)
.

Thus, thanks to the assumption that ϵ2
n(µ2n)1/3 ≫ log(µ2n), the right-hand side converges to 0 as desired. We now

prove that the second part of the sum converges to 0 as well.
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Start by using the result from Theorem B.1 along with the definition of Xn,m from (D.1) to see that, for any
3 ≤ m ≤ tµ/n ≪p

n we have

Xn,m ≤ (
1+o(1)

)n5/6

µ1/3

tan2
(
π
m

)
m

exp

(
3

(
π2µ2n

4

)1/3

−nλµ/n(m)

)
,

where the o(·) term does not depend on m. Moreover, we observe that m2 tan2(π/m) is bounded since m ≥ 3.
Finally, recalling the definition of λµ/n from (C.1), we see that for any m ≥ 3, we have

m2λµ/n(m) ≥ m2 log
(
1+ tan2

( π
m

))
,

and the right hand side is bounded away from 0. Thus, there exists C > 0 such that, for any n large enough and
3 ≤ m ≤ tµ/n we have

Xn,m ≤C
(2π2)2/3n5/6

m3µ1/3
exp

(
3

(
π2µ2n

4

)1/3

− 1

C

π2n

m2

)
,

It follows that, for any x ≤ y such that 3 ≤ xtµ/n ≤ y tµ/n ≤ tµ/n we have

∑
xtµ/n≤m<y tµ/n

Xn,m ≤ ∑
xtµ/n≤m<y tµ/n

C
(2π2)2/3n5/6

m3µ1/3
exp

(
3

(
π2µ2n

4

)1/3

− 1

C

π2n

m2

)

≤ (y −x)tµ/n ·C (2π2)2/3n5/6

(xtn)3µ1/3
exp

(
3

(
π2µ2n

4

)1/3

− 1

C

π2n

(y tµ/n)2

)
.

Note that y ≤ 1 and use the asymptotic behaviour of tµ/n from Proposition C.1 (1) to see that

∑
xtµ/n≤m<y tµ/n

Xn,m ≤C
(µ2n)1/6

x3 exp

(
−

(
1

C y2 −3

)(
π2µ2n

4

)1/3)
.

But now we observe that this upper bound is exactly of the same form as Ft from Corollary A.2 where we match
t with (µ2n)1/3 and have α = 1/2, B(x) = x3/C , and Γ(y) = (1/C y2 −3)−1. Observe that Γ might diverge when C y2

approaches 1/3. However, by setting a+ < 1/
p

3C , we see that all hypothesis from Corollary A.2 apply and it follows
that we can find 3/tµ/n = a0 ≤ ·· · ≤ ak = a+ such that

k∑
i=1

C
(µ2n)1/6

a3
i−1

exp

(
−

(
1

C a2
i

−3

)(
π2µ2n

4

)1/3)
−→ 0.

This then implies that ∑
3≤m<a+tµ/n

Xn,m −→ 0.

To conclude the proof, simply recall that the sum from δtµ/n to (1−ϵn)tµ/n converges to 0 as well, for any arbitrary
δ> 0. Thus, by setting δ= a+, the sum over m from 3 to (1−ϵn)tµ/n converges to 0, as desired.

D.3 Combining all results

In here, we combine all the previous results in order to prove Theorem D.1.

Proof of Theorem D.1. Before starting the proof, we recall that we assume that 1/
p

n ≪ µ ≪ n1/4. Under these
assumptions, observe that it is possible to find ϵn ≪ 1 such that ϵn tµ/n ≫ 1, ϵn(µ2n)1/6 ≫ 1, and ϵ2

n(µ2n)1/3 ≫
log(µ2n). Indeed, in that case, since tµ/n is of order (n/µ)1/3 it diverges to ∞ so it is possible to have ϵn tµ/n ≫
1. Moreover, the second condition is actually a consequence of the third one which can also be satisfied since
log(µ2n)/(µ2n)1/3 ≪ 1. We now choose such an ϵn which, by definition, satisfies the conditions from Proposi-
tion D.3, D.4 and D.5.
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Recall now the definition of Wn from (B.3) and see that Proposition D.3 states that

1

4n

∑
|m−tµ/n |<ϵn tµ/n

Hn,m−1e−µm = (
1+o(1)

) π5/6

21/331/2

µ1/3

n5/6
exp

(
−3

(
π2µ2n

4

)1/3)
.

Moreover, using the definition of Xn,m from (D.1) along with Proposition D.4 and D.5, we see that

1

4n

∑
|m−tµ/n |≥ϵn tµ/n

Hn,m−1e−µm = o

(
µ1/3

n5/6
exp

(
−3

(
π2µ2n

4

)1/3))
.

Combining the previous two results directly implies that

Wn = 1

4n

n∑
m=3

Hn,m−1e−µm = (
1+o(1)

) π5/6

21/331/2

µ1/3

n5/6
exp

(
−3

(
π2µ2n

4

)1/3)
,

exactly as desired.

E Asymptotic of the partition function: part II

The goal of this section is to extend the results from Theorem D.1 regarding the asymptotic of Wn as defined in (B.3).
We actually start with a result overlapping with Theorem D.1, thus showing that the difficult part of the proof of the
theorem is actually when µ is “close” to 1/

p
n, or more precisely when µ is at most of order (log3/2 n)/

p
n. We then

provide a second result, overlapping with the first one and covering the case µ≫ n1/4, for which we show that the
sum of Wn can be reduced to at most two terms. The two sections below cover these two cases.

E.1 Generic behaviour

In the case whereµ is in the intermediate range but not too close to 1/
p

n, the proof of Theorem D.1 can actually be
simplified and does not require bounds as subtle as to prove the case close to 1/

p
n. We provide here the complete

proof of the asymptotic of Wn in that regime.

Proposition E.1. Let µ = µn be such that (log3/2 n)/
p

n ≪ µ≪ n and recall tµ/n = argmint∈(0,2)λµ/n(t ). Then, for

any ϵn ≪ 1 such that (µ2n)1/3ϵ2
n ≫ logn and ϵ≫ (µ/n)1/3 (which are both possible thanks to the assumption on µ)

the sum Wn defined in (B.3) satisfies

Wn = (
1+o(1)

) µ
2n

e−nλµ/n (tµ/n )
∑

|m−tµ/n |<ϵn tµ/n

exp

(
−

(
3

2
+o(1)

)(
µ4

2π2n

)1/3 (
m − tµ/n

)2

)
,

where the o(·) in the exponential are uniform over all terms of the sum.

Proof. To prove this result we split the sum into four parts. We start with the main contribution of the sum, which
almost directly follows previous results. Indeed, for any ϵn ≪ 1, Theorem B.1 tells us that

1

4n

∑
|m−tµ/n |<ϵn tµ/n

Hn,m−1e−µm = (
1+o(1)

) π2

t 3
µ/n

∑
|m−tµ/n |≤ϵn tµ/n

e−nλµ/n (m) ,

where λµ/n is defined in (C.1). But then using the asymptotic behaviour of tµ/n along with the behaviour of λµ/n

close to tµ/n with γ= (m/tµ/n −1) from Proposition C.1 (1) and (3), we see that

1

4n

∑
|m−tµ/n |<ϵn tµ/n

Hn,m−1e−µm = (
1+o(1)

) n

2µ
e−nλµ/n (tµ/n )

∑
|m−tµ/n |<ϵn tµ/n

exp

(
−(

3+o(1)
)(π2µ2n

4

)1/3

γ2

)

= (
1+o(1)

) n

2µ
e−nλµ/n (tµ/n )

∑
|m−tµ/n |<ϵn tµ/n

exp

(
−

(
3

2
+o(1)

)(
µ4

2π2n

)1/3

(m − tµ/n)2

)
,
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which is exactly the desired asymptotic. Before focusing on the other parts of the sum, first recall the approxima-
tion for nλµ/n(tµ/n) from Proposition C.1:

nλµ/n(tµ/n) = 3

(
π2µ2n

4

)1/3

+O

((
µ4

n

)1/3)
.

We now use this asymptotic behaviour to show that the other parts of the sum are negligible.
For the first terms of the sum, use Theorem B.1 to obtain

1

4n

∑
3≤m≤(1−ϵn )tµ/n

Hn,m−1e−µm = (
1+o(1)

) ∑
3≤m≤(1−ϵn )tµ/n

tan2
(
π
m

)
m

e−nλµ/n (m) ,

where λµ/n is defined in (C.1). Using that m 7→ λµ/n(m) is decreasing on (2, tµ/n), we can bound the exponential
term by its value at m = (1−ϵn)tµ/n . Further bounding the other terms by their maximum, corresponding to m = 3,
we obtain

1

4n

∑
3≤m≤(1−ϵn )tµ/n

Hn,m−1e−µm ≤ (
1+o(1)

) tan2
(
π
3

)
3

tµ/ne−nλµ/n ((1−ϵn )tµ/n ) .

Putting any constant term into a flexible C and dividing by the desired asymptotic leads to

n

µ
exp

(
3

(
π2µ2n

4

)1/3

+O

((
µ4

n

)1/3))
1

4n

∑
3≤m≤(1−ϵn )tµ/n

Hn,m−1e−µm

≤ (
C +o(1)

)(n

µ

)4/3

exp

(
−(

3+o(1)
)(π2µ2n

4

)1/3

ϵ2
n +O

((
µ4

n

)1/3))
.

Recall now that we assumed that (µ2n)1/3ϵ2
n ≫ logn as well as ϵ≫ (µ/n)1/3 which are exactly the two conditions

needed for the first term in the exponential to be the dominant term, proving that this part of the sum is negligible
with respect to the desired asymptotic behaviour.

Consider now rn ≫ 1 such that rn tµ/n ≪ p
n and focus on the sum from (1+ ϵn)tµ/n to rn tµ/n . Applying the

same method as for the previous case, we see that

1

4n

∑
(1+ϵn )tµ/n≤m<rn tµ/n

Hn,m−1e−µm ≤ (
1+o(1)

)π2rn

t 2
µ/n

e−nλµ/n ((1+ϵn )tµ/n ) ,

leading again to

n

µ
exp

(
3

(
π2µ2n

4

)1/3

+O

((
µ4

n

)1/3))
1

4n

∑
(1+ϵn )tµ/n≤m<rn tµ/n

Hn,m−1e−µm

≤ (
C +o(1)

)
rn

(
n

µ

)1/3

exp

(
−(

3+o(1)
)(π2µ2n

4

)1/3

ϵ2
n +O

((
µ4

n

)1/3))
.

For the same reasons as the previous case, the right-hand side converges to 0 and this part of the sum is also
negligible.

For the final part of the sum, consider the remainging values for m and upper bound Hn,m−1 with Cn−1 ∼
4n/(4

p
πn3/2) to obtain

1

4n

∑
rn tµ/n≤m≤n

Hn,m−1e−µm ≤ (
1+o(1)

) 1

4
p
πn3/2

e−µrn tµ/n

1−e−µ
.

Using that µtµ/n is of order (µ2n)1/3, we see that the same arguments as before proves that this part of the sum is
also negligible. This concludes the proof of the proposition.
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E.2 Finite sum behaviour

We conclude this section by covering the case where µ≫ n1/4, for which the sum of Wn can be reduced to only a
couple of terms.

Proposition E.2. Let µ=µn be such that µ≫ n1/4. Recall tµ/n = argmint∈(0,2)λµ/n(t ). Then we have

Wn = (
1+o(1)

) ⌈tµ/n⌉∑
m=max{⌊tµ/n⌋,3}

tan2 π
m

m
exp

(
−µm −n log

(
1+ tan2 π

m

))
.

Proof. We start by assuming that µ/n is bounded away from 0. In that case, we fix an arbitrarily large value M .
Using that Hn,m−1 ≤Cn−1, we see that

1

4n

∑
m>M

Hn,m−1e−µm ≤ (
1+o(1)

) e−µM

4
p
π
p

n
.

Moreover, considering the term m = 3 and observing the definition from (B.1) implies that Hn,2 = 1, we see that

1

4n Hn,2e−3µ = e−3µ

4n ,

from which we observe that the sum over m > M is negligible with respect to the first term as long as c(M−3) > log4
where c = liminfµ/n. It follows that, for any such M , we have

Wn = (
1+o(1)

) 1

4n

M∑
m=3

Hn,m−1e−µm ,

and since this is a finite sum, we can directly apply the result from Theorem B.1 and replace Hn,m−1 by their equiv-
alent asymptotic behaviour:

Wn = (
1+o(1)

) M∑
m=3

tan2
(
π
m

)
m

e−µm(
1+ tan2

(
π
m

))n = (
1+o(1)

) M∑
m=3

tan2
(
π
m

)
m

e−nλµ/n (m) ,

where λµ/n is defined in (C.1). Observing that λµ/n(m) is bounded away from 0 in that scenario, we see that all
terms are at least of exponential decay and so only the exponent with minimal value can be kept. Moreover, using
that λµ/n is strictly convex, we see that the difference between two distinct exponents, except possibly for ⌊tµ/n⌋
and ⌈tµ/n⌉, is bounded away from 0 as well. Thus only these two values can be kept in the sum and further, since it
is possible that tµ/n < 3, we need to restrict it to m ≥ 3.

Assume now that µ≪ n. We recall that we also assume that µ≫ n1/4. Under these assumptions, we can apply
Proposition E.1 and obtain that

Wn = (
1+o(1)

) µ
2n

e−λn (tµ/n )
∑

|m−tµ/n |<ϵn tµ/n

exp

(
−

(
3

2
+o(1)

)(
µ4

2π2n

)1/3 (
m − tµ/n

)2

)
.

But now, since µ4/n ≫ 1, a geometric bound on the sum tells us that the first term asymptotically characterizes the
whole sum, leading to

∑
m≥⌈tµ/n⌉+1

exp

(
−

(
3

2
+o(1)

)(
µ4

2π2n

)1/3 (
m − tµ/n

)2

)
= o

(
exp

(
−

(
3

2
+o(1)

)(
µ4

2π2n

)1/3 (⌈tµ/n⌉− tµ/n
)2

))

as well as

∞∑
m≤⌊tµ/n⌋−1

exp

(
−

(
3

2
+o(1)

)(
µ4

2π2n

)1/3 (
m − tµ/n

)2

)
= o

(
exp

(
−

(
3

2
+o(1)

)(
µ4

2π2n

)1/3 (⌊tµ/n⌋− tµ/n
)2

))
.

It follows that all terms except for m ∈ {⌊tµ/n⌋,⌈tµ/n⌉} are negligible, thus proving the desired result.
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