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Example of Mallows trees (n,g) : halloo

g-- O g - 0.5 9=0.8

g.
0.9 9=1

g .- 1.25



Mallows trees are random binary search trees.

Binary search trees are common
  structures in computer science, related to
  sorting and accessing data.

The height of binary search trees is related
  to the time/difficulty to access data.

Selling pitch:Selling pitch:

Mallows trees would be terrible sorting structures for data...

*

*

*

*
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11 Mallows treesMallows treesiii.
.

"

• Imagine a matrix B .- (Bij ) ;;> , with Bernoulli ( t - g )

entries :
p[Big -

- 03=9
• Consider the 1st non - zero entry in the 1st line :

j , such that Bj , it and Bj -- O for jcj ,

• With j , defined , consider the 1st non- zero entry in

the 2nd line different than j , :
jz such that Baja -- l und Bij :O for jcji

jtji
• Repeat . . .



11 Mallows treesMallows treesii.
.

'

n 2 3 h 5 6 7 8 9 . . .

B .
" EE.ph mermaid :3
r KHATAMI job
> 74k¥ MMMM js.it

imam KK Mft in : '

sky Mtg Ky is :S

oY9amq
,

1/4/14 4 mammonism is :S

i-7.dk/4 K ja .- 2

! k¥4.mil#Yma, "%, isis

:O kos.BA .
-
I



11 Mallows treesMallows treesiii.
.

"

With this drawing , imagine that the orange
dots appear one after the other

, starting from
the top .

We create a tree by connecting each new

dot to the most recent existing dot
,

while not going over green lines .



11 Mallows treesMallows treesiii.
.

"

1 2 3 h 5 6 7 8 9 . . .

^ GBP9 mommy O
r 47ft → O/\o
. mmHg'll Imam '

o
Glo

imma KK Mat '

sky lqfmwsm.ma.ms I 0

Mdma 44 k mammonism
i-beam t
:%%%%.it#.%aam:n.a...'%.



11 Mallows treesMallows treesiii. Exact definition

* Mallows tree are a form of random binary search trees .

* Binary search trees are Labelled tree with the label

of a node being larger ( smaller) than the labels

of its Left ( right ) subtree .

* Mallows trees are obtained by inserting a Mallows

permutation in a binary search tree
.

[ Mallows permutation = , ] n gtnvcocs
inversion number of •



22 Right pathRight pathiii.
.

"

o

.
Going to the left :

Z

s 1st path =3
L

s

, 2nd path =
S

t

8

, 3rd path = 7
10

"

. Going to the right :
13

"

is 1st path =
29

16
"

is 2nd path = 27
IS #
20

21

22

23

2h

nsloo
is Height : 27

g
-
-
0.8 26 /

27



22 Right pathRight pathii. Rn .- length of right path
.

"

after n dots

1 2 3 h 5 6 7 8 9 . . .

^ fomqT§ HMMMM - R , = O height , :O

r
'4/7804 - 122=1 heights I

s 7M€44 Fj - 123=2 heights : 2

- Mtf Kk Mft - Ra - 2 height 2

sky §mmzm⇐MBBgpd % - Rs -- 2 heights :3

• Mtd 44 K Mimmo - Ro :3 heights:3

7/174.64/4 ¢ - Ra :3 height - 3
. %.mx#f.%7Agm.!&.rr-3heishtr-u
:

Hope : Rns height



22 Right pathRight pathiii. Mns position of the rightmost
.

"

of the first n dots

1 2 3 h 5 6 7 8 9 . . .

^ Egypt mommy - R , = O M
.
=3 height , :O

r 4/17082 - Rz = I Mash heights -- l
s 9M¥44 Mpeg . 123=2 Ms .- 7 heights : 2

i. MAMMA KK Mft - Rai 2 Ma . 7 height 2

sky qmmzmm.FM#BgqT % - Rsi 2 Ms .- 7 heights :3

c. ftp. 4% ¢ Mtm - Roi 3 Moi 9 heights:3

7474.8.4# ¢ - Rai 3 Ma : 9 height - 3
. 1%44%6

,
%;Bqqam"% are :3 Ms .-9 heights - u

:

Hope : Mn helps finding Rn



33 Links with Math 447Links with Math 447iii.
.

"

* Where is the Markov chain ?

* Can you find the hidden Geometric and why their

memory less property is important ?

* Generating functions are easily computed for what variable ?

* Are Mellows trees branching processes ?

* Where is the coupling and why are we using it ?

* Bonus : Markov 's inequality is also widely used with

which previous point ? →
Markov 's ineg .

t Cen
. fun .

= Chernoff 's bound



33 Links with Math 447Links with Math 447iii.
.

"

Markov chains :

(Mn ) is a Markov chain
.

it is not time homogeneous .

it is transient and converges to - (it is increasing) .

- (Rn ,Mn ) is also a Markov chain .

(Rn ) is probably not a Markov chain
.

mm The interesting object is Mn - n



33 Links with Math 447Links with Math 447iii.
.

"

1 2 3 4 5 6 7 8 9 . . .

^ Egypt Mimmo M
,
:3 → M

, -1=2

z 4/1 BARGH Mz -
-
h → Mz -2=2

s M$444 BYTE Ms .- 7-→ Ms -3=4
i. Btw JK Bmt Must→ Ma - 4=3

sky ¢YHg&od % Ms .- 7-→ Ms - 5=2

c. MASK 4/4 ¢ Mtm Mos 9 → no -6=3

7474.8.4# K Ma - 9→M
,-7=2.1%1%4%71761

,

%Bgqma"% reasons -8=1
:



33 Links with Math 447Links with Math 447iii.
.

"

Geometric :

(Mn - n ) is a positive recurrent , time homogeneous M
- C .

What is Pij ?

rn If a spot is empty with probability I- g , how

far is the first non - empty one : Geometric ( t- g)
It follows that i

p;j .. { Plbeometricll
-g) fi ] if jsi - I

P[beometricll -g) =jH ) aw.



33 Links with Math 447Links with Math 447iii.
.

"

Generating function :

It was already known that

I - qfcs ) _- Els
"] - II.← ( It (s - t ) , - gu )

1PCRn=r ] is quite complicated .

E- ( Rn]=f' (1) = E l - g

ich En l - gk

We extended to (Rn ,M . ) : bivariate

E- ( SR" .
EM" ] , t

"

.
IT gtc , - g) s - gk generations

s lftfn I - E. gk ← function



33 Links with Math 447Links with Math 447iii.
.

"

Branching process :

Not a Galton - Watson tree .

Why ?

Possibly a branching process ?

Related to branching random walks :

* Galton - Watson trees with positions for the
individuals

, following random walks .



33 Links with Math 447Links with Math 447iii.
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"

coupling :
The interest : connecting two (or more) random variables

Mallows trees are given with two parameters :

n and g
There is no obvious reasons why they should be
connections between the different parameters .

mm Using a single matrix , we can cover all n EIN.

This is a eouuppliingg .



33 Links with Math 447Links with Math 447iii.
.

"

coupling :

why is this interesting ?

run Relation between n - th tree and Cnn) - th tree :

* Proofs by induction
.

* Rewrsif Mallows trees generating models .

* Direct extraction of properties : height increases with n .

nun Relation between
q and

g
'

trees .

OPEN QUESTION : height decreases with q ?



Thank you!Thank you!
-


