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11 Mallows permutations Mallows permutations iii.

•
Mallows permutations are random permutations

which generalize uniform permutations .

• They depend on a parameter q-clo.ae )

creating a bias
.

•
When q< 1

,
tend to be in increasing order .

When q > 1
,
tend to be in decreasing order.



11 Mallows permutations Mallows permutations iii.

Definition

For n EIN
, qE[ 0 , a) , the Mallows distribution

In
,g
is defined by :

In,q(g) a qinvlo)

where Inv G) =/ / icj : oci)> ol;) } / .



11 Mallows permutations Mallows permutations iii.
In ,qCo ) - qInv(

6)

From the definition
'

,
we have :

•
When 9=0, In,o gives weight 1 to id

•
When 9=1 , In, , is the uniform distribution

•
When g-soo, Hn

,, gives weight → 1 to r=G . .;D

> From 9=0 to g--1 , Mallows permutations go

from ordered to random .

> Past 931 , a symmetry relates Hmg to n-n.iq .
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22 Results on the heightResults on the heightiii.

Devroye 's theorem

Let B. be RBST with nudes
.

Then

htlBn ) is

> 1
.

thegn



22 Results on the heightResults on the heightiii.

Our results

Let Tmg be Mallows tree with params n,q .

Then
IPhtltn.gl
, I ,

uh - 9*1 +Ébgn

where qtiminlq , Yg ) .

Forget , q*=g .



22 Results on the heightResults on the heightiii.

When proving the previous result
,
we also

proved that
, if 9<1 and na - g)hoon→ • ,

•
htltncgl-a.si , 1 Central
n ( I - g) Limit

Theorem

•
htctn.gl - na - gl - c*↳s( "a) Lt

, NCO, ) ) if ng -sa

TH

•
n - I - ht (Tn

, g)
*
> Poisson (7) if nq -i



22 Results on the heightResults on the heightiii.

Takeaway from this :

•

ht(This )
→ 1 when no - g) /↳gn→o

includes

RBSTcthjh

•

htltn.at
→ 1 when get is fixed linear

n ( 1- g) growth

• Between these two regimes , a combination

of both factors .



22 Results on the heightResults on the heightiii.

Overall
,
one formula summarizes

all results :

httn
,q ) ; n( 1- g) + c*bg(nn÷g )

includes
convergence

linear
toga thic&

variations



33 Proof techniquesProof techniquesiii.

Mallows trees have properties similar to

RBST and can be iterated via the root :

• split •

using 0111
, • •

Mallows

tree
Mallows
tree

Hallows
tree

> Understanding the behaviour of ra )

suffices to characterize the trees
.



33 Proof techniquesProof techniquesiii.

Recall that In
,g
(o ) < q±" '" and note

that Inv (o ) =/ { icj : oci ) > olj ) ) )
= oh ) - I + / Llc :< j : ocil > ocj) } / .

SIP [ oil )=k ] - qk
> P[old = b) = 9h"'ll - g)

1- qh



33 Proof techniquesProof techniquesiii.

641 is a Geometric ( I - g) conditioned

to be in 11,2 , . . . ,n| .

• If n=0(÷q) :
-
PC Geometric / 1-g) =L ]

'

✗
611 ) E*u{ 1,2 , . . . .nl .

✗

• If n=w( ÷) :,×,,,,,,
, ,Yi - q 6117s ,Lg << n

*
it is uniform up to a constant



33 Proof techniquesProof techniquesiii.
• RBST

From this two pictures • •

for Mallows trees :

it
:# -% =%

Bo

i

•
h

•

needs furtherif
nine
,÷
,,
)
•

iterations
- ÷,

eh - oln)



33 Proof techniquesProof techniquesiii.

For the second case
, repeating the iteration

process leads to :

• •

•
• •

,
> ÷,

÷:
•

n
n - In ÷

n n

Mallow ) Mallow )

tree tree



33 Proof techniquesProof techniquesiii.

Consider now the last representation :
•

tree with n nodes

> ÷, and left subtrees÷:\ of size ÷g
Mallows trees

•

•
> n( 1- g) such

of site ¥, left subtrees .

and param 9 > ÷,

> heights lost ,÷
,
) .



33 Proof techniquesProof techniquesiii.

In summary , we have :

• ht (Tn
,g) = c* ↳ n if n=o ( ÷ )

•
ht (Tn

, g) e n Ll - g) + I b) (
,
! g) if n = w ( Yg )

> ht (Tn
,g) anti - g) + c*bg ( n n '

1-g)
linear

logarithmic
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htinli-gltibyY.gl if n=uc÷a)
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