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42M

— The answer is the rest of this talk!

— In this case, it took 3 queries using the population, against 6 not using it.
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Binary Search Trees

For any sequence of distinct numbers (xi, ..., x,), there exists a unique binary search tree
obtained by recursively inserting the values of the sequence in order.
— (43, 18,69, 6, 31, 56, 81, 75)
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Binary Search Trees

For any sequence of distinct numbers (xi, ..., x,), there exists a unique binary search tree
obtained by recursively inserting the values of the sequence in order.

— (43, 18,69, 6, 31, 56, 81, 75)
— (43,18,6,31, 69,56, 81, 75)
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Binary Search Trees

For any sequence of distinct numbers (xi, ..., x,), there exists a unique binary search tree
obtained by recursively inserting the values of the sequence in order.

— (43,18,69,6,31,56,81, 75)
— (437 ]-87 67 317 697 56’ 81’ 75)
— (437 699 817 757 567 187 31’ 6)
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Binary Search Trees

For any sequence of distinct numbers (xi, ..., x,), there exists a unique binary search tree
obtained by recursively inserting the values of the sequence in order.

—s (43, 18,69, 6,31, 56,81, 75)
—+ (43,18,6,31,69, 56, 81, 75)
—+ (43,69, 81,75,56, 18, 31, 6)
— (43,69, 18, 6,31, 81,75, 56)
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o:{1,....,n} —{1,...,n}.

We insert the values of ¢ in the order o(1),0(2),...,0(n).

— Writing id = idy; 7y for the identity on {1,...,7}, what is the tree corresponding to:
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To simplify the study of binary search trees, we forget about generic sequences (xi, . .., x,)
and instead focus on permutations

o:{1,....,n} —{1,...,n}.

We insert the values of ¢ in the order o(1),0(2),...,0(n).

— Writing id = idy; 7y for the identity on {1,...,7}, what is the tree corresponding to:
co=1+(2+id=7) =(4,5,6,7,1,2,3)?
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To simplify the study of binary search trees, we forget about generic sequences (xi, . .., x,)
and instead focus on permutations

o:{1,....,n} —{1,...,n}.

We insert the values of ¢ in the order o(1),0(2),...,0(n).

— Writing id = idy; 7y for the identity on {1,...,7}, what is the tree corresponding to:
co=1+2+id=7)=(4,56,7,1,2,3)7 (4)
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Research and Applications

(): One might wonder why study binary search trees on permutations?

e Studying generic sequences (xi, ..., x,) or permutations ¢ is equivalent.
e Permutations provide a more contained and yet diverse framework for sequences.

e Binary search trees are common structures in computer science:
o related to the time to access entries in a list; and

o linked to quick-sort, the fastest and most common sorting algorithm.

— There are also a relatively “recent” object (early results from the end of the 70") with
a lot of interesting research left to pursue!
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(Q): If you had to create a random model of binary search trees, how would you do it?
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(Q): If you had to create a random model of binary search trees, how would you do it?

— The usual “easy” way to generate random objects is to pick one uniformly at random
from a given set (for example all trees of size n here).
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(Q): If you had to create a random model of binary search trees, how would you do it?

— The usual “easy” way to generate random objects is to pick one uniformly at random
from a given set (for example all trees of size n here).

Note: Here, it is actually easier to use uniform permutations instead of uniform trees.

ISRAE A

1=

Binary Search Trees Random Models Benoit Corsini



Random Binary Search Trees

(Q): If you had to create a random model of binary search trees, how would you do it?

— The usual “easy” way to generate random objects is to pick one uniformly at random
from a given set (for example all trees of size n here).

Note: Here, it is actually easier to use uniform permutations instead of uniform trees.
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(Q): If you had to create a random model of binary search trees, how would you do it?

— The usual “easy” way to generate random objects is to pick one uniformly at random
from a given set (for example all trees of size n here).

Note: Here, it is actually easier to use uniform permutations instead of uniform trees.
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Random Binary Search Trees

K
Definition (RBST)

A Random Binary Search Tree (RBST) of size n is the binary search tree obtained
by inserting a uniform permutation of size n into a binary search tree.
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Definition (RBST)

A Random Binary Search Tree (RBST) of size n is the binary search tree obtained
by inserting a uniform permutation of size n into a binary search tree.
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Properties of RBSTs

When placing a permutation o = (¢(1),...,0(n)) into a binary search tree, we can make
the following observations.
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e The value o(1) is placed at the root. o= (o(1),...,0(n))
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e The number of values on the right is n — o(1).
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Properties of RBSTs

When placing a permutation o = (¢(1),...,0(n)) into a binary search tree, we can make
the following observations.
e The value o(1) is placed at the root. o= (o(1),...,0(n))

e The number of values on the left is o(1) — 1.
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Properties of RBSTs

When placing a permutation o = (¢(1),...,0(n)) into a binary search tree, we can make
the following observations.
e The value o(1) is placed at the root. o= (c(1),...,0(n))

e The number of values on the left is o(1) — 1.
e The number of values on the right is n — o(1).

When o is uniform, we also note the following. Y (1)
o The value o(1) is uniform on {1, ... n}.
o We can use the approximation o(1) ~ nU.
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Properties of RBSTs

When placing a permutation o = (¢(1),...,0(n)) into a binary search tree, we can make
the following observations.
e The value o(1) is placed at the root. o= (c(1),...,0(n))

e The number of values on the left is o(1) — 1.
e The number of values on the right is n — o(1).

When o is uniform, we also note the following. Y (1)~ nU
o The value o(1) is uniform on {1, ... n}.
o We can use the approximation o(1) ~ nU.

nU n—o(l)
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the following observations.
e The value o(1) is placed at the root. o= (c(1),...,0(n))

e The number of values on the left is o(1) — 1.
e The number of values on the right is n — o(1).

When o is uniform, we also note the following. Y (1)~ nU
o The value o(1) is uniform on {1, ... n}.
o We can use the approximation o(1) ~ nU.

nU n(1—U)
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Properties of RBSTs

When placing a permutation o = (¢(1),...,0(n)) into a binary search tree, we can make
the following observations.
e The value o(1) is placed at the root. o= (c(1),...,0(n))

e The number of values on the left is o(1) — 1.
e The number of values on the right is n — o(1).

When o is uniform, we also note the following. Y (1)~ nU
o The value o(1) is uniform on {1, ... n}.
o We can use the approximation o(1) ~ nU.
e The ordering of (a(i) : o(i) < (1)) is uniform.

nU n(1—U)
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Properties of RBSTs

When placing a permutation o = (¢(1),...,0(n)) into a binary search tree, we can make
the following observations.
e The value o(1) is placed at the root. o= (c(1),...,0(n))

e The number of values on the left is o(1) — 1.
e The number of values on the right is n — o(1).

When o is uniform, we also note the following. Y (1)~ nU
o The value o(1) is uniform on {1, ... n}.
o We can use the approximation o(1) ~ nU.
e The ordering of (a(i) : o(i) < (1)) is uniform.

e The ordering of (c(i) : o(i) > (1)) is uniform. U (1-U)
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Properties of RBSTs

When placing a permutation o = (¢(1),...,0(n)) into a binary search tree, we can make
the following observations.
e The value o(1) is placed at the root. o= (c(1),...,0(n))

e The number of values on the left is o(1) — 1.
e The number of values on the right is n — o(1).

When o is uniform, we also note the following. Y (1)~ nU
o The value o(1) is uniform on {1, ... n}.
o We can use the approximation o(1) ~ nU.
e The ordering of (a(i) : o(i) < (1)) is uniform.

e The ordering of (c(i) : o(i) > (1)) is uniform. U (1-U)
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Properties of RBSTs

When placing a permutation o = (¢(1),...,0(n)) into a binary search tree, we can make
the following observations.
e The value o(1) is placed at the root. o= (c(1),...,0(n))

e The number of values on the left is o(1) — 1.
e The number of values on the right is n — o(1).

When o is uniform, we also note the following. Y (1)~ nU
o The value o(1) is uniform on {1, ... n}.
o We can use the approximation o(1) ~ nU.
e The ordering of (a(i) : o(i) < (1)) is uniform.

e The ordering of (c(i) : o(i) > (1)) is uniform. U (1-U)

RBST RBST
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Properties of RBSTs

When placing a permutation o = (¢(1),...,0(n)) into a binary search tree, we can make
the following observations.
e The value o(1) is placed at the root. o= (c(1),...,0(n))

e The number of values on the left is o(1) — 1.
e The number of values on the right is n — o(1).

When o is uniform, we also note the following. v
o The value o(1) is uniform on {1, ... n}.
o We can use the approximation o(1) ~ nU.
e The ordering of (a(i) : o(i) < (1)) is uniform.
o The ordering of (a(i) : o(i) > o(1)) is uniform.
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How many questions do you need to ask to find the correct country?
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How many questions do you need to ask to find the correct country?

Recall that:
e countries are in a random order; and

e the order of the “correct” country is also random.
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Back To Basics

-

How many questions do you need to ask to find the correct country?

Recall that:

e countries are in a random order; and

e the order of the “correct” country is also random.
This is equivalent to:
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Back To Basics

-

How many questions do you need to ask to find the correct country?

Recall that:

e countries are in a random order; and

e the order of the “correct” country is also random.
This is equivalent to:

e considering a uniform permutation;
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Back To Basics

-

How many questions do you need to ask to find the correct country?

Recall that:

e countries are in a random order; and

e the order of the “correct” country is also random.
This is equivalent to:

e considering a uniform permutation; and

e asking how far down the tree a random number is.
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Solving The Problem

We recall that a RBST approximately correspond to splitting the tree recursively using
random variables.

Binary Search Trees Random Models Benoit Corsini



Solving The Problem

We recall that a RBST approximately correspond to splitting the tree recursively using
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We recall that a RBST approximately correspond to splitting the tree recursively using
random variables. We let T, be the (random) number of steps to find the correct value.

o There are nU nodes on the left and n(1 — U) nodes on the right.
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e Given U, the expected number number of steps is
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We recall that a RBST approximately correspond to splitting the tree recursively using
random variables. We let T, be the (random) number of steps to find the correct value.

o There are nU nodes on the left and n(1 — U) nodes on the right.
e Given U, the expected number number of steps is

E[T,| U] =
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Solving The Problem

We recall that a RBST approximately correspond to splitting the tree recursively using
random variables. We let T, be the (random) number of steps to find the correct value.

o There are nU nodes on the left and n(1 — U) nodes on the right.
e Given U, the expected number number of steps is

E[T,| U] =1+ UE[Tou] + (1 — V)E[T,a_u)]-
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Solving The Problem

We recall that a RBST approximately correspond to splitting the tree recursively using
random variables. We let T, be the (random) number of steps to find the correct value.

o There are nU nodes on the left and n(1 — U) nodes on the right.
e Given U, the expected number number of steps is

E[T,| U] =1+ UE[Tou] + (1 — V)E[T,a_u)]-

e Taking the expected value, the previous formula re-writes as
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Solving The Problem

We recall that a RBST approximately correspond to splitting the tree recursively using
random variables. We let T, be the (random) number of steps to find the correct value.

o There are nU nodes on the left and n(1 — U) nodes on the right.
e Given U, the expected number number of steps is

E[T,| U] =1+ UE[Tou] + (1 — V)E[T,a_u)]-

e Taking the expected value, the previous formula re-writes as

IE’[Tn] —
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Solving The Problem

We recall that a RBST approximately correspond to splitting the tree recursively using
random variables. We let T, be the (random) number of steps to find the correct value.

o There are nU nodes on the left and n(1 — U) nodes on the right.
e Given U, the expected number number of steps is

E[T,| U] =1+ UE[Tou] + (1 — V)E[T,a_u)]-

e Taking the expected value, the previous formula re-writes as

E[T,] =1+ 2E[UT,y]
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Solving The Problem

We recall that a RBST approximately correspond to splitting the tree recursively using
random variables. We let T, be the (random) number of steps to find the correct value.

o There are nU nodes on the left and n(1 — U) nodes on the right.
e Given U, the expected number number of steps is

E[T,| U] =1+ UE[Tou] + (1 — V)E[T,a_u)]-

e Taking the expected value, the previous formula re-writes as

1
E[T,] =1+ 2E[UT,y] =1+ 2/ uE[ T,,|du
0
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Solving The Problem

We recall that a RBST approximately correspond to splitting the tree recursively using
random variables. We let T, be the (random) number of steps to find the correct value.

o There are nU nodes on the left and n(1 — U) nodes on the right.
e Given U, the expected number number of steps is

E[T,| U] =1+ UE[Tou] + (1 — V)E[T,a_u)]-

e Taking the expected value, the previous formula re-writes as

n

1
2
E[Tn] =1 + 2E[UT,7U] =1+ 2/ uIE[Tnu]du =1 4+ ) uE[Tu]du.
0 n- Jo
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Solving The Problem

We recall that a RBST approximately correspond to splitting the tree recursively using
random variables. We let T, be the (random) number of steps to find the correct value.

o There are nU nodes on the left and n(1 — U) nodes on the right.
e Given U, the expected number number of steps is

E[T,| U] =1+ UE[Tou] + (1 — V)E[T,a_u)]-

e Taking the expected value, the previous formula re-writes as

n

1
2
E[Tn] =1 + 2E[UT,7U] =1+ 2/ uIE[Tnu]du =1 4+ ) uE[Tu]du.
0 n- Jo

— Let us solve this equation.
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Solving The Problem

We observed that f(n) = E[T,] satisfies (1) = 1 and

_1+_/
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We observed that f(n) = E[T,] satisfies (1) = 1 and

_1+_/

e Changing from discrete n to continuous x, we can take the derivative:
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Solving The Problem

We observed that f(n) = E[T,] satisfies (1) = 1 and

_1+_/

e Changing from discrete n to continuous x, we can take the derivative:

f'(x)
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Solving The Problem

We observed that f(n) = E[T,] satisfies (1) = 1 and

_1+_/

e Changing from discrete n to continuous x, we can take the derivative:

fl(x) = 4 /OX uf (u)du + %xf(x)

x3 X
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Solving The Problem

We observed that f(n) = E[T,] satisfies (1) = 1 and

_1+_/

e Changing from discrete n to continuous x, we can take the derivative:

Flx) = — /0 " (u)du + %xf(x) _ _E(f(x) - 1) : 2f)((x)

x3 X X
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Solving The Problem

We observed that f(n) = E[T,] satisfies (1) = 1 and

_1+_/

e Changing from discrete n to continuous x, we can take the derivative:

f'(x) = = /OX uf (u)du + %Xf(x) = —g(f(x) _ 1) n 2f(x) _ g

x3 X X X X
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Solving The Problem

We observed that f(n) = E[T,] satisfies (1) = 1 and

_1+_/

e Changing from discrete n to continuous x, we can take the derivative:

f'(x) = = /OX uf (u)du + %Xf(x) = —g(f(x) _ 1) n 2f(x) _ g

x3 X X X X

e The solution is exactly f(x) = 1 4 2log x, implying that E[T,] = 1 + 2log n.
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Solving The Problem

We recall that a RBST approximately correspond to splitting the tree recursively using
random variables. We let T, be the (random) number of steps to find the correct value.

o There are nU nodes on the left and n(1 — U) nodes on the right
e Given U, the expected number number of steps is

E[T,| U] =1+ UE[T] + (1 — U)E[T,q_u).

e Taking the expected value, the previous formula re-writes as

n

1
;i
E[Tn]:1+2E[UTnU]:1+2/O VB[ Touldu =1+ : uE[T,]du .
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Solving The Problem

We recall that a RBST approximately correspond to splitting the tree recursively using
random variables. We let T, be the (random) number of steps to find the correct value.

o There are nU nodes on the left and n(1 — U) nodes on the right
e Given U, the expected number number of steps is

E[T,| U]l =1+ UE[T,y] + (1 - U)E[T,qa_v)]-
e Taking the expected value, the previous formula implies that

E[T,] =1+ 2logn.
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Solving The Problem

We recall that a RBST approximately correspond to splitting the tree recursively using
random variables. We let T, be the (random) number of steps to find the correct value.

o There are nU nodes on the left and n(1 — U) nodes on the right
e Given U, the expected number number of steps is

E[T,| U]l =1+ UE[T,y] + (1 - U)E[T,qa_v)]-
e Taking the expected value, the previous formula implies that

E[T,] =1+ 2logn.

— On average it takes us around 2 log n steps to find the correct value!
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e Some (even simpler) methods can provide a tighter formula for E[T,].

o They rely on the structure of the permutation.
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A few remarks on the previous proof.
e The previous solution only provides an approximation for [E[ T,].

e Some (even simpler) methods can provide a tighter formula for E[T,].
o They rely on the structure of the permutation.

e This method can be generalized to other various methods.
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A few remarks on the previous proof.
e The previous solution only provides an approximation for [E[ T,].

e Some (even simpler) methods can provide a tighter formula for E[T,].
o They rely on the structure of the permutation.
e This method can be generalized to other various methods.

o What if we split in three instead of two?
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A few remarks on the previous proof.
e The previous solution only provides an approximation for [E[ T,].

e Some (even simpler) methods can provide a tighter formula for E[T,].
o They rely on the structure of the permutation.
e This method can be generalized to other various methods.

o What if we split in three instead of two?
o What if the split between left and right is not uniform?
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A few remarks on the previous proof.
e The previous solution only provides an approximation for [E[ T,].

e Some (even simpler) methods can provide a tighter formula for E[T,].
o They rely on the structure of the permutation.
e This method can be generalized to other various methods.

o What if we split in three instead of two?
o What if the split between left and right is not uniform?

e This “splitting tree” approach is quite robust to show other properties of the tree, such
as its height’, corresponding to the worst case scenario.
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Infinite Trees

So far we have only considered finite binary search trees, built from finite sequences
(x1,...,xX,) of distinct numbers.
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So far we have only considered finite binary search trees, built from finite sequences
(x1,...,xX,) of distinct numbers.

— Is it possible to extend this definition to infinite sequences?
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So far we have only considered finite binary search trees, built from finite sequences
(x1,...,xX,) of distinct numbers.

— Is it possible to extend this definition to infinite sequences?

There are three types of infinite sequences:
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Infinite Trees

So far we have only considered finite binary search trees, built from finite sequences
(x1,...,xX,) of distinct numbers.

— Is it possible to extend this definition to infinite sequences?

There are three types of infinite sequences:
e Right-sided: (x1,X2,...,Xp,...).
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Infinite Trees

So far we have only considered finite binary search trees, built from finite sequences
(x1,...,xX,) of distinct numbers.

— Is it possible to extend this definition to infinite sequences?

There are three types of infinite sequences:
e Right-sided: (x1,X2,...,Xp,...).
o Left-sided: (..., x_p, ..., X 2,%x_1).
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Infinite Trees

So far we have only considered finite binary search trees, built from finite sequences
(x1,...,xX,) of distinct numbers.

— Is it possible to extend this definition to infinite sequences?

There are three types of infinite sequences:
e Right-sided: (x1,X2,...,Xp,...).
o Left-sided: (..., x_p, ..., X 2,%x_1).

o Two-sided: (..., X ;. ooy X1, X0, XLy« - s Xy« + - )
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Infinite Trees

So far we have only considered finite binary search trees, built from finite sequences
(x1,...,xX,) of distinct numbers.

— Is it possible to extend this definition to infinite sequences?

There are three types of infinite sequences:
e Right-sided: (x1,X2,...,Xp,...).
o Left-sided: (..., x_p, ..., X 2,%x_1).

o Two-sided: (..., X ;. ooy X1, X0, XLy« - s Xy« + - )

— For each such type can we define corresponding binary search trees?
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Right-Sided Sequences

Consider the following infinite sequences:
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Right-Sided Sequences

Consider the following infinite sequences:

(1,2,3,4,...)
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Consider the following infinite sequences:
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Right-Sided Sequences

Consider the following infinite sequences:

(1,2,3,4,...) (2,1,4,3,6,...)
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Right-Sided Sequences

Consider the following infinite sequences:
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Right-Sided Sequences

Consider the following infinite sequences:

(1,2,3,4,...) (2,1,4,3,6,...) (U, U, Us, ...)
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Right-Sided Sequences

Consider the following infinite sequences:

(1,2,3,4,...) (2,1,4,3,6, . (U, U, Us, ...)

% fd
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Right-Sided Sequences

Consider the following infinite sequences:

(1,2,3,4,...) (2,1,4,3,6, . (U, U, Us, ...)

— Any right-sided sequence can be placed into an infinite binary search tree.
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Right-Sided Sequences

Consider the following infinite sequences:

(1,2,3,4,...) (2,1,4,3,6, . (U, U, Us, ...)

— Any right-sided sequence can be placed into an infinite binary search tree.
— They create infinite “downward” binary trees, which can be defined by words on {0, 1}
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Right-Sided Sequences

Consider the following infinite sequences:

(1,2,3,4,...) (2,1,4,3,6, . (U, U, Us, ...)

— Any right-sided sequence can be placed into an infinite binary search tree.

{2,1,11,111, ...}

— They create infinite “downward” binary trees, which can be defined by words on {0, 1}
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Right-Sided Sequences

Consider the following infinite sequences:

(1,2,3,4,...) (2,1,4,3,6,. (U, Uy, Us, .. .)
{2,1,11,111, ...} {2,0,1,10,11,110,...}

— Any right-sided sequence can be placed into an infinite binary search tree.
— They create infinite “downward” binary trees, which can be defined by words on {0, 1}
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Right-Sided Sequences

Consider the following infinite sequences:

(1,2,3,4,...) (2,1,4,3,6,. (U, Uy, Us, .. .)
{2,1,11,111, ...} {2,0,1,10,11,110,...} {2,0,1,00,01,10,11,000,...}

— Any right-sided sequence can be placed into an infinite binary search tree.
— They create infinite “downward” binary trees, which can be defined by words on {0, 1}
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Left-Sided Sequences

Let's skip this one for now...
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Two-Sided Sequences

Consider the following infinite sequences:
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Two-Sided Sequences

Consider the following infinite sequences:
(...,—2,-1,0,1,2,...)
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Two-Sided Sequences

Consider the following infinite sequences:
(...,—2,-1,0,1,2,...)
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Two-Sided Sequences

Consider the following infinite sequences:
(...,—2,-1,0,1,2,...) (...,3,-2,1,0,-1,2,-3,...)
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Two-Sided Sequences

Consider the following infinite sequences:
(...,—2,-1,0,1,2,...) (...,3,-2,1,0,-1,2,-3,...)
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Two-Sided Sequences

Consider the following infinite sequences:
(..,—2,-1,0,1,2,...)  (...,3,-2,1,0,—1,2,—3,...) (..., U_1, Uy, Uy, Uy, ...)
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Consider the following infinite sequences:
(..,—2,-1,0,1,2,...)  (...,3,-2,1,0,—1,2,—3,...) (..., U_1, Uy, Uy, Uy, ...)
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Two-Sided Sequences

Consider the following infinite sequences:
(..,—2,-1,0,1,2,...)  (...,3,-2,1,0,—1,2,—3,...) (..., U_1, Uy, Uy, Uy, ...)

— Not all two-sided sequence can be placed into an infinite binary search tree.
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Two-Sided Sequences

Consider the following infinite sequences:
(..,—2,-1,0,1,2,...)  (...,3,-2,1,0,—1,2,—3,...) (..., U_1, Uy, Uy, Uy, ...)

— Not all two-sided sequence can be placed into an infinite binary search tree.
— Even when they exist, their definition might be ambiguous...
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Two-Sided Sequences

Consider the following infinite sequences:
(..,—2,-1,0,1,2,...)  (...,3,-2,1,0,—1,2,—3,...) (..., U_1, Uy, Uy, Uy, ...)

{...,(11) 17 2,1,11,...}

— Not all two-sided sequence can be placed into an infinite binary search tree.
— Even when they exist, their definition might be ambiguous...
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Two-Sided Sequences

Consider the following infinite sequences:
(..,—2,-1,0,1,2,...)  (...,3,-2,1,0,—1,2,—3,...) (..., U_1, Uy, Uy, Uy, ...)

{...,(11) 17 2,1,11,...} 77

— Not all two-sided sequence can be placed into an infinite binary search tree.
— Even when they exist, their definition might be ambiguous...
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Two-Sided Sequences

Open Questions
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Two-Sided Sequences

Open Questions

e What is a unified standard representation for infinite binary search tree?
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e What is a unified standard representation for infinite binary search tree?
e What kind of two-sided sequences admit a binary search tree representation?
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Two-Sided Sequences

Open Questions

e What is a unified standard representation for infinite binary search tree?
e What kind of two-sided sequences admit a binary search tree representation?
e Do these objects have unique and interesting properties?
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Two-Sided Sequences

Open Questions

e What is a unified standard representation for infinite binary search tree?
e What kind of two-sided sequences admit a binary search tree representation?
e Do these objects have unique and interesting properties?

— The first question has several answers, which might depend on the application.
— Solving the second question for two-sided or left-sided sequences is equivalent.
— The last question is the most important and tends to ignore left-sided sequences.
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Two-Sided Sequences: A Special Case

These extensions of binary search trees appeared in my own research'.
e | was studying a specific model of trees, called Mallows trees.
o These are the binary search trees of (finite) Mallows permutations.

e | was curious about what the tree “looked like" from a random point.

e These trees could apparently be constructed as follows.

o Extend Mallows permutations to bijections of Z (two-sided Mallows permutation)”.
o See this as a two-sided sequence.
o Insert this sequence into a binary search tree.

— Why does it work here?
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Two-Sided Sequences: A Special Case

Two-sided Mallows permutations happen to have a few properties simplifying the definition
of their corresponding binary search trees.

e They are permutations o from Z to Z.

o This removes the case of uniform random variables.

o | believe it is possible to define the binary search tree of any two-sided permutation.

o They are “well-ordered™: for any n € Z, there is k_, k. such that
sup {a(k) k< k_} < n < inf {U(k) k> k+} .

o This removes the case of “fluctuating” permutations.
o The tree grows up leftward, thus we only need to define 171,

(...,—2,-1,0,1,2,...)
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